LECTURES ON HECKE ALGEBRAS 
WITH UNEQUAL PARAMETERS 



G. LUSZTIG 



These are notes for lectures given at MIT during the Fall of 1999. 

1. COXETER GROUPS 

1.1. Let be a finite set and let M = {rns,s'){s,s')eSxS be a matrix with entries 
in N U {oo} such that ms,s — 1 for sll s and rus^s' = ^s',s > 2 for all s ^ s' . (A 
"Coxeter matrix".) Let W be the group defined by the generators s{s G S) and 
relations 

[ss')"^-'-' = 1 

for any s, s' in S such that ms,s' < oo. (A "Coxeter group".) In W we have = 1 
for all s. 

Clearly, there is a unique homomorphism sgn : W — > {1,-1} such that sgn(s) = 

— 1 for all s. {"Sign representation".) 

For w E W let l{w) be the smallest integer q > such that w = siS2 ■ ■ ■ Sg with 
si, S2, . . . , in S. (We then say that w = siS2 ... Sq is a, reduced expression and 
l{w) is the length of w.) Note that 1{1) = 0, l{s) = 1 for s G 5". (Indeed, s 7^ 1 in 
W since sgn(s) = —1, sgn(l) = 1.) 

Lemma 1.2. Let w eW,s e S. 

(a) We have either l{sw) = l{w) + 1 or l{sw) = l{w) — 1. 

(b) We have either l(ws) = l{w) + 1 or l{ws) = l{w) — 1. 

Clearly, sgn(w) = (— 1)'^'^). Since sgn{sw) = — sgn(w), we have (— — 

— (— 1)'*^^). Hence l{sw) 7^ l{w). This, together with the obvious inequalities 
l{w) — 1 < l{sw) < l{w) + 1 gives (a). The proof of (b) is similar. 

Proposition 1.3. Let E he an H-vector space with basis {es)s^s- For s E S let 
(Ts '■ E — > E he the linear map defined by 
as{es') = Cs' + 2 cos ^ Cs for all s' G S. 

(a) There is a unique homomorphism a : W ^ GL{E) such that a{s) = ag for 
all s E S . 
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(b) If s ^ s' in S, then ss' has order rrisy in W. In particular, s ^ s' in W . 

We have o"s(es) = — and a induces the identity map on i^/Rcg. It foUows 
that a1 = 1. Now let s s' in S. Let m = ms,s' and let $ = ctsCTs'- We have 

$(e,) = (4 cos2 ^ - l)e, + 2 cos ^e^' , 

$(es') = -2 cos - eg'. 
Hence $ restricts to an endomorphism of Rcg ® Rcg' whose characteristic poly- 
nomial is 

X2 - 2 cos + 1 = (X - e2^^/"^)(X - e-^^^^/"^). 
It follows that, if 2 < m < oo, then 1 + + + ■ — V 4>^~^ — 0. The same is true 
if m = 2 (in this case we see directly that (/> = —1). Since $ induces the identity 
map on £^/(Res © Rcs'), it follows that ^ : E — > E has order m (if m < oo). If 
m = cxD, we have 7^ 1 and (^ — 1)^ = 0, hence has infinite order and $ has 
also infinite order. Now both (a), (b) follow. 

Corollary 1.4. Let s\ 7^ in S. Let (si, S2) be the subgroup ofW generated by 
Si, S2- For k > let Ik = S1S2S1 ... (k factors), 2^ = S2S1S2 ... (k factors). 

(a) Assume that m — ms^,s2 < Then (si,S2) consists of the elements 
Ife, 2fe (k = 0,1, . . . ,m); these elements are distinct except for the equalities 1q = 
2o, Im = 2m- For k e [0, m] we have l{lk) = ^(2fe) = k. 

(b) Assume that ms^.s2 = 00. Then (si,S2) consists of the elements Ik, '2k 
(k = 0,1, . . .); these elements are distinct except for the equality Iq = 2o. For all 
k >0 we have l{lk) — K^fe) = ^• 

This follows immediately from 1.3(b). 

We identify S with a subset of W (see 1.3(b)). Let T = U^^w^Sw'^ C W. 

Proposition 1.5. Let R = {1, -1} x T. For s e S let Ug : R ^ R be the map 

defined by Us{e,t) = (e(— 1)^"'*, sts) where 6 is the Kronecker symbol. There is 
a unique homomorphism U of W into the group of permutations of R such that 
U{s) = Us for all seS. 

We have Ug{e, t) = (e(— l)^^'*"'"^^'^''' , t) = (e, t) since the conditions s = t, s = sts 
are equivalent. Thus, U"^ = 1. For s ^ s' in S with m — m^^s' < 00 we have 

UsUs'{e,t) = (e(-l)'^«'.*+^-.-'*-',ss'ts's) 
hence 

{UsUs'T{e,t) = (e(-l)''«'.*+'^^.^'*='+''«'.-'t«'«+'^^.^'-'*='-'+-, {ssYKs's)'^) 

(both sums have exactly 2m terms). It is enough to show that Sg'^t + ^s'ss'.t + 
Ss'ss'ss',t + ■ ■ ■ is even, or that t appears an even number of times in the 2m-term 
sequence s' , s'ss' , s'ss'ss', .... This follows from the fact that in this sequence the 
A;-th terms is equal to the {k + m)-th term for k = 1,2, ... ,m. 
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Proposition 1.6. Let w e W. 

(a) If w = S1S2 ■ ■ - Sq is a reduced expression, then the elements 

Si, S1S2S1, S1S2S3S2S1, . . . , S1S2 ...Sq... S2S1 

are distinct. 

(h) These elements form a subset ofT that depends only on w, not on the choice 
of reduced expression for it. 

Assume that S1S2 . . . Si . . . S2S1 = S1S2 . . .Sj . . . S2S1 for some I < i < j < q. 
Then Si = Si+iSi+2 . . . sj . . . Si+2Si+i hence 

S1S2 . . .Sq = S1S2 . . . Si-i{Si+iSi+2 . ..Sj . . . Si+2Si+l)Si+i . . .SjSj+l . . . Sq 
= S1S2 . . . Si-iSi+lSi+2 . . . Sj-iSj+i . . .Sq, 

which shows that l{w) < q — 2, contradiction. This proves (a). 

For (e, t) e Rwe have (see 1.5) U{w~^){e, t) = {trjiw, t), w~^tw) where ri{w, t) ~ 
±1 depends only on w, t. On the other hand, 

U{w-'){e,t) = Us^...UsA^,t) 

= (e(_l)'5si,t+5siS2Sl,tH \-Ssi. .. Sg. .. Sl,t ^^-l-f^^^^ 

Thus, rj{w,t) = (-l)'^«i.t+^n«2«i.t+---+'^si ■•^q ■"i.t. Using (a), we see that for t G T, 
the sum Sg^^^t + ^siS2Si,t + • • • + ^si...s,...si,t is 1 if t belongs to the subset in (b) 
and is 0, otherwise. Hence the subset in (b) is just {t G T\r]{w,t) = —1}. This 
completes the proof. 

Proposition 1.7. Let w E W,s E S be such that l{sw) = l{w) — 1. Let w = 
S1S2 . . .Sq be a reduced expression. Then there exists j G [1, q] such that 

SS1S2 . . . Sj-i = S1S2 . . .Sj. 

Let w' = sw. Let w' = s'iS2 • • • be a reduced expression. Then w = 
SS1S2 . . .Sq_i is another reduced expression. By 1.6(b), the q-teim sequences 

si, S1S2S1, S1S2S3S2S1, . . . and s, ss'iS, ss'iS2s'iS, . . . 
coincide up to rearranging terms. In particular, s = S1S2 . . .Sj . . .S2S1 for some 
j G [l,q]. The proposition follows. 

1.8. Let X be the set of all sequences (si, S2, . . . , Sq) in W such that S1S2 . . .Sq 
is a reduced expression in W. We regard X as the vertices of a graph in which 
(si, S2, . . . , Sq), {s'l, S2, . . . , s'qi) are joined if one is obtained from the other by re- 
placing m consecutive entries of form s,s' ,s,s' , . . . by the m entries s' ,s,s' ,s, . . .; 
here s ^ s' \iv S are such that m = nig^s' < 00. We use the notation 

{Sl,S2,...,Sq) ~ (s;,4,...,s'g,) 

for " (si, S2, • • • , Sq), {s'l, s'2, . . . , Sg/) are in the same connected component of X" . 
(When this holds we have necessarily q = q' and S1S2 . . .Sq — S1S2 . . .s' in W.) 
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Theorem 1.9. Let (si, S2, ■ ■ ■ , Sq), {s'l, • • • , s'^) in ^ be such that S1S2 . . . Sq ~ 
s[s'2 ...s'g = weW. Then (si, S2, . . . , Sq) ~ {s[, s'^, • • • , 4)- 

We shall use the following notation. 

Let s = {si, S2, ■ ■ ■ , Sq), s' = {s'l, S2, ■ ■ ■ , s'q). Let C (resp. C) be the connected 
component of X that contains s (resp. s'). For z e [1, g] we set 

s{i) = {. . . ,Si, si, s[,s[, si, S2, S3, ... , Si) (a q'-elements sequence in S), 
s{i) — . . . s'iSiSis[siS2Ss . . .Si &W (the product of this sequence). 
Let C{i) be the connected component of X that contains s{i). Then s = s{q). 
Hence C = C{q). 

We argue by induction on q. The theorem is obvious for g < 1. We now assume 
that q > 2 and that the theorem is known for — 1. We first prove the following 
weaker statement. 

(A) In the setup of the theorem we have either 
{si,S2,...,Sq) ~ {s[, s'2, . . . , s'^) , or 

(a) SlS2...Sq = s'iSiS2 . . .Sq-i and {s[,Si,S2,...,Sq-i) ~ (s'l, S2, . . . , s'q) . 

We have l{s'iw) — l{w) — 1. By 1.7 we have s'iSiS2 ■ ■ -Si-i = S1S2 ■ ■ - Si for some 
i e [1, q], so that w = s[siS2 ■ ■ ■ Si-iSi^i . . .Sq. In particular, 

(s'l, Sl, S2, . . . , Si-i,Si+i, ...,Sq) e X. 

By the induction hypothesis, we have (si, S2, . . . , s^-i, s^+i, . . . , Sq) ~ (s2, . . . , s^). 
Hence 

(b) (s'l, Si, S2, . . . , Si_i, Si+1, . . . , Sg) ~ (s'l, S2, . . . , Sg). 

Assume first that i < q. Then from s'iSiS2 . . . Sj_iSj_(_i . . . Sq_i = S1S2 . . . Sq_i and 
the induction hypothesis we deduce that 

(s'l, si, S2, . . . , Si_i, s^+i, . . . , Sq_i) ~ (si, S2, . . . , Sg_i), hence 

(s'l, Sl, S2, . . . , Si_l, Si+i, . . . , Sq-i, Sq) G C. 

Combining this with (b) we deduce that C = C . 

Assume next that i = q so that S1S2 ■ ■ - Sq = s'iSiS2 . . -Sq-i. Then (b) shows 
that (a) holds. Thus, (A) is proved. 

Next we prove for p e [0, g — 2] the following generalization of (A). 

(A'p) In the setup of the theorem we have either C = C or: 

for i e [q — p — l,q] we have s{i) e X,s{i) = w,Ci = Cifi = q mod 2 and 
C^ = C' ifi = q + l mod 2. 

For p = this reduces to (A). Assume now that p > and that {Ap_i) is already 
known. We prove that {Ap) holds. 

If C = C", then we are done. Hence by (^p_i) we may assume that: for 
i ^ [q — P,q] we have s{i) e X, s{i) = w, Ci = C ii i = q mod 2 and Cj = C if 
i = q + 1 mod 2. 

Applying [A) to s(g — p),s{q — p + 1) (instead of s,s'), we see that either 

Cq-p = Cq-pj^i or: 

s{q-p),s{q-p - 1) are inX,s{q-p) =s(g-p- 1) and Cg_p_i = Cq-p+i. 
In both cases, we see that {A' ) holds. 
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This completes the inductive proof of (A'p). In particular, {A'^_2) holds. In 
other words, in the setup of the theorem, either C = C holds or: 

(c) for i G [1, we have s{i) e X, s(z) = w,Ci = Cifi = q mod 2 and Ci = C 
if i = Q + 1 mod 2. 

If C = C", then we are done. Hence we may assume that (c) holds. In particular, 

(d) s(2)eX,s(l)eX,s(2)=s(l). 

From s(l) G X and q > 2 we see that s' ^ s and that q < m = ms,s'- Prom 
s(2) = s(l) we see that S2 G (si, s[), hence S2 is either si or s'j^. In fact we cannot 
have S2 = si since this would contradict s(2) G X. Hence S2 = s'l. We see that 
s(2) = (. . . , s'l, si, s'l, si, s'l) (the number of terms is q, q < m). Since s(2) = s(l), 
it follows that q — m, so that s(2), s(l) are joined in X. It follows that C2 — Ci. 
By (c), for some permutation a, 6 of 1, 2 we have Co = C,Cb = C . Since Ca = Cb 
it follows that C = C .It follows that C = C. The theorem is proved. 

Proposition 1.10. Let w E W and let s,t E S be such that l{swt) — l{w), l{sw) = 
l{wt). Then sw = wt. 

Let w = S1S2 ■ ■ ■ Sq he a, reduced expression. 

Assume first that l{wt) — q + 1. Then S1S2 ■ ■ ■ Sqt is a reduced expression for wt. 
Now l{swt) = l{wt) — l hence by 1.7 there exists i G [1, q] such that SS1S2 . . . Si-i = 
S1S2 . . .Si or else ssiS2 . . .Sq = S1S2 . . . Sqt. If the second alternative occurs, we 
are done. If the first alternative occurs, we have sw = S1S2 . . . Si-iSi+i . . .Sq hence 
l{sw) < q — I. This contradicts l{sw) = l{wt). 

Assume next that l{wt) = q — 1. Let w' — wt. Then l{sw't) — l{w'), l{sw') = 
l{w't). We have l{w't) = l{w') + 1 hence the first part of the proof applies and 
gives sw' = w't. Hence sw = wt. The proposition is proved. 

1.11. We can regard S as the set of vertices of a graph in which s, s' are joined 
if nis^s' > 2. We say that W is irreducible if this graph is connected. It is easy 
to see that in general, W is naturally a product of irreducible Coxeter groups, 
corresponding to the connected components of S. 

In the setup of 1.3, let (, ) : E x E Rhe the symmetric R-bilinear form given 
by (cs, Cs') = — cos ^ . Then a{w) : E ^ E preserves (, ) for any w G W. We 

say that W is tame if (e, e) > for any e E E. It is easy to see that, if W is finite 
then W is tame. 

We say that W is integral if, for any s 7^ in S, we have 4cos^ G Z (or 

equivalently ms,s' € {2, 3, 4, 6, 00}). 

We will be mainly interested in the case where W is tame. The tame, irreducible 
W are of three kinds: 

(a) finite, integral; 

(b) finite, non-integral; 

(c) tame, infinite (and automatically integral). 
The W of type (c) are called affine Weyl groups. 
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2. Partial order on W 

2.1. Let y, w be two elements of W. We say that y < w if there exists a sequence 
y = yo,yi,y2, . . . ,yn ^ w such that l{yk) - l{yk-i) = 1 for e [1, n] and ykUk^i G 
T (or equivalently yk-ivZ^ e or y^^yk-i e or y^^iyfe G T) for A; e [l,n]. 

This is clearly a partial order on W. Note that y < w implies l{y) < l{w). Also, 
y < w implies y~^ < w~^. If w E s E S then, clearly: 

sw < w if and only if l{sw) = l{w) — 1; 

sw > w if and only if l{sw) = l{w) + 1. 

Lemma 2.2. Let w = siS2 ■ ■ - Sg be a reduced expression and let t E T. The 
following are equivalent: 

(i) U{w-^){e,t) = {-e,w-Hw) fore = ±1; 

(a) t = S1S2 . . .Si . . . S2S1 for some i e [1, q\; 

(Hi) l{tw) < l{w). 

The equivalence of (i),(ii) has been proved earlier. 

Proof of (ii) =^ (iii). Assume that (ii) holds. Then tw = si . . .Si_iSj+i . . .Sq 
hence l{tw) < q and (iii) holds. 

Proof of (iii) =^ (i). First we check that 

(a) U{t){€,t) = {-e,t). 
If t e (a) is clear. If (a) is true for t then it is also true for sts where s E S. 
Indeed, 

U{sts){e,sts) = UsU{t)Us{e,sts) = t/,t/(t)(e(-l)'^--% t) = t/,(-e(-l)'^--% t) 
= (_e(-i)^«,-+^^,*,t) = (-e,t); 

(a) follows. Assume now that (i) does not hold; thus, U{w~^){€,t) = {€,w~^tw). 
Then 

U{{tw)-^){e,t) = U{w-^)U{t){e,t) = U{w-^){-e,t) = {-e,w-Hw) 
= {-e,{tw)~^t{tw)). 

Since (i) (iii) we deduce that l{w) < l{tw)] thus, (iii) does not hold. The 
lemma is proved. 

Lemma 2.3. Let y,z eW and let s E S. If sy < z < sz, then y < sz. 

We argue by induction on l{z) — l{sy). If l{z) — l{sy) — then z — sy and the 
result is clear. Now assume that l{z) > l{sy). Then sy < z. We can assume that 
sy < y (otherwise the result is trivial). We can find t eT such that sy < tsy < z 
and l{tsy) = l{sy) + 1. If t = s, then y < z and we are done. Hence we may 
assume that t ^ s. We show that 

(a) y < stsy. 

Assume that (a) does not hold. Then tsy^ sy, stsy have lengths q + 1, q + 1, q, q. 
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We can find a reduced expression y — ssiS2 . . .Sq. Since l{stsy) < l{y), we see 
from 2.2 that either sts = ssi . . .Si . . . sis for some i e [1, q] or sts = s. (This last 
case has been excluded.) It follows that 

tsy = Si . . . Si . . . S1SSS1S2 . . . Sq = Si . . . Si-iSi+l . . .Sq. 

Thus, l{tsy) < Q — 1, a contradiction. Thus, (a) holds. Let y' — stsy. We have 
sy' < z < sz and l{z) — l{sy') < l{z) — l{sy). By the induction hypothesis, we have 
y' < sz. We have y < y' by (a), hence y < sz. The lemma is proved. 

Proposition 2.4. The following three conditions on y,w & W are equivalent: 
(i) y < w; 

(a) for any reduced expression w = S1S2 ■ ■ - Sq there exists a subsequence ii < 
12 < ■ ■ ■ <ir 0/ 1, 2, . . . , g such that y = Si^Si^ . . . si^, r = l{y); 

(Hi) there exists a reduced expression w = siS2...Sq and a subsequence ii < 
i2 < ■ ■ ■ < ir of 1,2, ... ,q such that y = s^^ Si^ . . . Si^ . 

Proof of (i) =^ (ii). We may assume that y < w. Let y = yo,yi,y2i ■ ■ ■ iHn = w 
be as in 2.1. Let w = siS2...Sq be a reduced expression. Since y^-iy^^ £ T, 
l{yn-i) — l{yn) — 1, we see from 2.2 that there exists i G [1, q] such that yn-iy~^ = 
S1S2 . . .Si . . . S2S1 hence j/n-i = •S1S2 • • • s^-iSi+i . . .Sq. This is a reduced expres- 
sion. Similarly, since yn-2yn-i ^ l{yn-2) = ^(?/n-i) — 1? we see from 2.2 (applied 
to yn-i) that there exists J G [1, — {«} such that yn-2 equals 

S1S2 . . . Si-iSi+i . . . Sj-iSj+i . ..Sq or S1S2 . . . Sj-iSj+i . . . Si-iSi+i ...Sq 

(depending on whether i < j or i > j). Continuing in this way we see that y is of 
the required form. 

Proof of (ii) =^ (iii). This is trivial. 

Proof of (iii) => (i). Assume that w = S1S2 ■ ■ ■ Sq (reduced expression) and 
y — Si-^Si^ ■ ■ - Si^ where ii < ^2 < • • • < V is a subsequence of 1, 2, . . . , g. We argue 
by induction on g. If g = there is nothing to prove. Now assume g > 0. 

If zi > 1, then the induction hypothesis is applicable to y,w' = S2 . . . Sg and 
yields y < w' . But w' <w hence y < w. If zi = 1 then the induction hypothesis is 
applicable to y' = Si.^ . . . Si^, w' = S2 ■ ■ ■ Sq and yields y' < w' . Thus, s-^y < Siw < 
w. By 2.3 we then have y < w. The proposition is proved. 

Corollary 2.5. Let y, z E W and let s E S . 

(a) Assume that sz < z. Then y < z ^ sy < z. 

(b) Assume that y < sy. Then y < z ^ y < sz. 

We prove (a). We can find a reduced expression of z of form z = SS1S2 . . .Sq. 
Assume that y < z. By 2.4 we can find a subsequence ii < i2 <■■■< ir of 
1,2, ... ,q such that either y = Si^Si^ ■ ■ ■ Si^ or y — sSi-^Si^ . . . Si^. In the first case 
we have sy = sSi^Si^ • • • and in the second case we have sy = Si^si^ ■ ■ - Si^. In 
both cases we have sy < z hy 2.4. The same argument shows that, if sy < z then 
y < z. This proves (a). 

We prove (b). Assume that y < z. We must prove that y < sz. If ^ < sz, this 
is clear. Thus we may assume that sz < z. We can find a reduced expression of 
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z of form z = SS1S2 . . . Sq. By 2.4 we can find a subsequence zi < Z2 < • • • < v of 
l,2,...,q such that either y = Si^Si^ ...Si^, l{y) = r or y = ssi^Si^ . . . Si^,l{y) = 
r + 1. In the second case we have l{sy) — r < l{y), contradicting y < sy. Thus we 
are in the first case. Hence y is the product of a subsequence of si, S2, . . . , Sq and 
using again 2.4, we deduce that y < sz (note that sz = S1S2 . . .Sg is a reduced 
expression). The lemma is proved. 

3. The algebra H 

3.1. A map L : — > Z is said to be a weight function for W if L{ww') = 
L{w) + L{w') for any w,w' E W such that l{ww') = l{w) + l{w'). We will assume 
that a weight function L : W — > Z is fixed; we then say that VF, L is a weighted 
Coxeter group. (For example we could take L = I; in that case we say that we 
are in the split case.) Note that L is determined by its values L{s) on S which 
are subject only to the condition that L(s) = L{s') for any s ^ s' in S such that 
ms,s' is finite and odd. We necessarily have L(l) = and L{w) = L{w~^) for all 
w eW. 

Let A = Z[f , v~^] where v is an indeterminate. For s ^ S we set Vs — v^^^'^ G A. 

3.2. Let H be the ^-algebra with 1 defined by the generators Tg{s e S) and the 
relations 

(a) (T, - Vs){Ts + v-^) = for s e 5; 

(b) TgTglTg ' ' ' = T giT gT gl . . . 

(both products have mg^gi factors) for any s ^ s' va. S such that nig^gi < 00. 

Ti is called the Hecke algebra or the Iwahori-Hecke algebra. 

For w E W we define E H hj Tyj = Tg^Tg^ ■ ■ ■ Tg^, where w = S1S2 . . . Sq is 
a reduced expression. By (b) and 1.9, T^y is independent of the choice of reduced 
expression. From the definitions it is clear that for s e 5, w G we have 

TgT^ = Tg^ if l{sw) = liw) + l, 

TgT^ = Tg^ + {Vg " ^7 " ^ ) T,, if l{sw) = I (w) " L 

In particular, the v4.-submodule of H generated by {Tw\w G W} is a left ideal of 
7i. It contains 1 = Ti hence it is the whole of 7i. Thus {Tw\w G W} generates 
the .A- module H. 

Proposition 3.3. {T^lw G W} is an A-basis ofH. 

We consider the free ./l-module £ with basis {e^)^^w For any s & S we define 
^-linear maps Pg : £ ^ £ , Q g : £ ^ £ hj 
Ps{ew) = egyj if l{sw) = l{w) + 1, 
Ps{ew) = egyj + {vg " ^ ) If l{sw) = l{w) - 1; 
Qsi^w) = ^ws if l{ws) = l{w) + 1, 

Qsiew) = ews + (vs - v7'^)ew if K'^^) = K'^) - 1- 
We shall continue the proof assuming that 

(a) PgQt — QtPs for any s, t in S. 
Let 21 be the A-subalgebra with 1 of End(£^) generated by {Pg\s G S}. The map 
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21 — > £ given by TT 1-^ 7r(ei) is surjective. Indeed, if w = siS2 . . .s^ is a reduced 
expression, then e^; = Pg^ . . . Pg ei. Assume now that tt e 21 satisfies 7r(ei) = 0. 
Let tt' = ■ ■ ■ Qsi- By (a) we have tttt' = tv'tv hence 
= 7r'7r(ei) = TVTv'{ei) = 7r{Qs^ • . .(5si(ei)) = 7r(e^„). 
Since w is arbitrary, it foUows that n — 0. We see that the map 21 — > £ is injective, 
hence an isomorphism of ^-modules. Using this isomorphism we transport the 
algebra structure of 21 to an algebra structure on £ with unit element ei. For 
this algebra structure we have Ps{ei)n{ei) = Ps(7r(ei)) for s e 5', tt e 21. Hence 
egCw = Psi^w) for any w s & S. It follows that 

(b) CgCyj = CsM, if l{sw) = l{w) + 1, 

(c) egCu; = egw + {vg - v~'^)ew if l{sw) = l{w) - 1. 

From (b) it follows that, if = siS2 ■ ■ - Sq is a reduced expression, then = 
Cg^egj ■ ■ - Cg . In particular, if s 7^ s' in 5" are such that m = nis.s' < 00 then 
egeg'Sg " " " = 65/6563/ . . . (both products have m factors); indeed, this follows from 
the equality Cgg'g,,, = egiggi,,, (see 1.4). From (c) we deduce that = 1 + (f g — 
vj^)eg for s e -5, or that {eg — Vg){eg + v~^) = 0. We see that there is a unique 
algebra homomorphism Ti. — ^ £ preserving 1 such that Tg i— > Cg for all seS. This 
homomorphism takes to for any w G W. Assume now that a^^ ^ A [w E W) 
are zero for all but finitely many w and that J2w ^wTw = in Ti. Applying Ti — > £ 
we obtain a^ew — 0. Since (e^) is a basis of it follows that — Q for all 
w. Thus, {T^\w e W} is an ^-basis of 'H. This completes the proof, modulo the 
verification of (a). 

We prove (a). Let w G W . We distinguish six cases. 

Case 1. swt, sw, wt, w have lengths q + 2, q + 1, q + 1, q. Then 

Case 2. w, sw, wt, swt have lengths q + 2,q+ l,q+ l,q. Then 

PsQt{eyj) = QtPsiew) 

= egyjt + {vt - Vt^)egw + {vs - Vs^)ewt + K - Vt^){'Os - Vs^)ew 

Case 3. wt^ swt, w, sw have lengths q + 2, q + 1, q + 1, q. Then 

PsQtiew) = QtPsiew) = eswt + (vg - v~'^)ewt- 
Case 4. sw, swt, w, wt have lengths q + 2, q + 1, q + 1, q. Then 

PsQtiew) = QtPsiew) = egwt + K - Vt^)egw. 
Case 5. swt, w, wt, sw have lengths q + l,q + l,q,q. Then 

PsQtiew) = egwt + {vt - Vt^)egw + {vt - vr^)i'''s - v~^)ew, 
QtPsiew) = eswt + {vs -v~'^)ewt + ivt - Vt^)ivs - v~^)ew 
Case 6. sw, wt, w, swt have lengths q + l,q + l,q,q. Then 

PsQtiew) = egwt + ivs - Vg^)ewt, 

QtPsiew) = egwt + ivt - Vt^)egw 
In case 5 we have Lit) +Liwt) = Liw) = Liswt) = Lis) +Liwt) hence L(t) = L(s) 
and Vg = Vf. In case 6 we have L(t) + Liswt) = Lisw) = Liwt) = Lis) + Liswt), 
hence L(t) = L(s) and Vg — Vf. In case 5 and 6 we have sw — wt by 1.10. Hence 
PsQtiew) = QtPsiew) in each case. The proposition is proved. 
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3.4. There is a unique involutive antiautomorphism of the algebra H. which carries 
Ts to Ta for any s E S. (This follows easily by looking at the defining relations of 
H.) It carries to Ty,-i for any w e W. 

3.5. There is a unique algebra involution of H denoted h ^ such that TJ" = 
-T~'^ for any s e S. We have TJ^ = sgn{w)T~l-^ for any w eW. 

4. The bar operator 

4.1. For s E S, the element Tg eHis invertible: we have = Ts — {vg — 

It follows that T^u is invertible for each w e W\ \i w = s\Si . . .Sq is a reduced 

expression, then T"^ = T'^ . ..T-^T'^. 

Let": A — > Ahe the ring involution which takes to for any n G Z. 

Lemma 4.2. (a) There is a unique ring homomorphism~ : Ti — > Ti which is 
A-semilinear with respect to~: A ^ A and satisfies Tg = T~^ for all s E S. 
(h) This homomorphism is involutive. It takes T^ to T^-i for any w e W. 

The following two identities can be deduced easily from 3. 2(a), (b): 

(T-i - v-^){T-^ + Vs) = for s G S, 

T-'T-X-' . . . ^ T-X-^T-' . . . 
(both products have ms,s' factors) for any s ^ s' in S such that ms,s' < oo; (a) 
follows. 

We prove (b). Let s E S. Applying" to TgTg = 1 gives TsTg = 1. We have also 
TgTs = 1 hence Tg = Tg. It follows that the square of~is 1. The second assertion 
of (b) is immediate. The lemma is proved. 

4.3. For any w E W we can write uniquely 
where ry^w G A are zero for all but finitely many y. 

Lemma 4.4. Let w eW and s E S be such that w > sw. For y E W we have 

'^y,'W — fsyySW if ^ y 7 

'^y,w f"sy,sw "t~ {Vg Vg ^I'y^gw if ^ y- 

We have 

Tw = Tg T gy; = (Tg {vg Vg )) ^ ^ fy,swTy 

y 

~ y ] ^y,awTgy — ^ ^(fs — Vg )Ty,gwTy + ^ ] i'^s ~ '^g )^y,swTy 
y y y;sy<y 

= y ] ^Sy,SwTy — {Vg — Vg )fy^gyjTy. 

y y;sy>y 



The lemma follows. 
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Lemma 4.5. For any y^w we have Vy^w = sgn{yw)ry^w- 

We argue by induction on l{w). If w = 1 the result is obvious. Assume now 
that l{w) > 1. We can find s E S such that w > sw. Assume first that sy < y. 
From 4.4 we see, using the induction hypothesis, that 

ry,w = fsy,sw = sgn{sysw)rsy,8w = sgn{yw)ry^yj. 
Assume next that sy > y. From 4.4 we see, using the induction hypothesis, that 

ry,w = rsy,sw + iv~^ - Vs)fy^sw = sgn{sysw)rsy,sw + {v~'^ - Vs)sgn{ysw)ry^sw 
= sgii{yw){rsy^s^ + {vs - v~^)ry^sw) = sgn(|/«;)ry,^y. 

The lemma is proved. 

Lemma 4.6. For any x, z E W we have '^yTx,yf'y^z — ^x,z- 
Using the fact that" is an involution, we have 

Fz = F z = Xly '^y,zFy = '^y,zFy = y ,z'^ X ,yFx ■ 

We now compare the coefficients of F^ on both sides. The lemma follows. 

Proposition 4.7. Let y,w E W. 

(a) If ry^w ^ 0, then y <w. 

(h) Assume that L{s) > for all s E S. If y < w, then 

ry,w = v^^'^^-^^y^ mod v^^'"^-^^y^-^Z[v-'^], 

ry^^ = sgn{yw)v-^^'"^+^^y^ mod v-^^'^^+^'^y'>+^Z[v]. 

(c) Without assumption on L, ry^^ E v^^^^~^^y^Z[v^,v~'^]. 

We prove (a) by induction on l{w). If w = 1 the result is obvious. Assume now 
that l{w) > 1. We can find s E S such that w > sw. Assume first that sy < y. 
From 4.4 we see that rgy^sw 7^ hence, by the induction hypothesis, sy < sw. 
Thus sy < sw < w and, by 2.3, we deduce y < w. Assume next that sy > y. From 
4.4 we see that either rsy,sw ^ or ry^sw 7^ hence, by the induction hypothesis, 
sy < sw OT y < sw. Combining this with y < sy and sw < w we see that y < w. 
This proves (a). 

We prove the first assertion of (b) by induction on l{w). If w = 1 the result 
is obvious. Assume now that l{w) > 1. We can find s E S such that w > sw. 
Assume first that sy < y. Then we have also sy < w and, using 2.5(b), we deduce 
sy < sw. By the induction hypothesis, we have 

Tgy^sw = v^'^^'^^'^^^y^ + strictly lower powers 
= + strictly lower powers. 

But ry^w = Tsy^sw and the result follows. Assume next that sy > y. From y < 
sy, y < w we deduce using 2.5(b) that y < sw. By the induction hypothesis, we 
have 
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fy,sw = v^*^*^-* ^^^^ + strictly lower powers. 
Hence 

{vs - vj'^yy^sw = v^'^^^v^'^'^'^^'^^y^ + strictly lower powers 
= y^^'^)~^iy) + strictly lower powers. 

On the other hand, if sy < sw, then by the induction hypothesis, 

rsy,sw = v^^^'"'>~^''^'^'> + strictly lower powers 
^ ^L{w)-L{y)-2L{s) ^ gtrictly lower powcrs 

while if sy ^ sw then rsy,sw = by (a). Thus, in 

'^yjW '^sy,s'w ('^s ^'^y,s'W: 

the term Tgy^sw contributes only powers of v which are strictly smaller than L{w) — 
L{y) and thus, ry^yj — + strictly lower powers. This proves the first 

assertion of (b). The second assertion of (b) follows from the first using 4.5. 

We prove (c) by induction on l{w). If w = 1 the result is obvious. Assume now 
that /(to) > 1. We can find s E S such that w > sw. Assume first that sy < y. 
By the induction hypothesis, we have 

ry,w = rsy,sw e v^^''"^-^'^'y^Z[v'^,v-'^] = v^^'"^-^'^y'^Z[v^,v-^] 
as required. Assume next that sy > y. By the induction hypothesis, we have 

"^yjW fsy,sw ~l~ ^^y^^'w 

as required. The proposition is proved. 

Proposition 4.8. For any x < z in W we have Ylyx<y<z ^S^iv) — ^■ 

Using 4.5 we can rewrite 4.6 (in our case) in the form 

(a) Ej/ sS^{xy)rx,yry,z = 0. 
Here we may restrict the summation to y such that x < y < z. In the rest of the 
proof we shall take L = I. Then 4.7(b) holds and we see that ii x < y < z, then 

fx,yfy,z is strictly lower powers of v. 

Hence (a) states that 

E2yx<j/<z sgn(a;j/)v'*^^^~'^^-'+ strictly lower powers of v is 0. 
In particular Ej/ a;<j/<2; sgn(a;y) = 0. The proposition is proved. 

4.9. The involution": H ^ H commutes with the involution in 3.4. (This is clear 
on the generators of H.) It follows that 

(a) Ty-l .^y-l = Ty^yj 

for any y,w G W. 

On the other hand, it is clear that": H ^ H and ^ :H ^ H commute. 
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5. The elements c, 



w 



5.1. For any n G Z let 

Note that ^<o = Z[v-^]. 

Let n<o = ®n,A<oT^, n<o = (BwA<oT^. We have H<o C n<o C H. 

Theorem 5.2. (a) Let w G W. There exists a unique element c^j G Tl<o such 

that Cw = Cw and = Ty^ mod 7-{<o . 

(h) {cw\w G W} is an A<o-basis ofH<o and an A-basis ofH. 

We prove the existence part of (a). We wiU construct, for any x such that 
a; < w, an element Ux G A<o such that 

(c) = 1, 

(d) Ua; G ^<o 

We argue by induction on l{w) — l{x). If l{w) — l{x) = then x = w and we 
define by (c). Assume now that l{w) — l{x) > and that Uz is already defined 
whenever z < w,l{w) — l{z) < l{w) — l{x) so that (c) holds and (d) holds if x is 
replaced by any such z. Then the right hand side of the equality in (d) is defined. 
We denote it by G A. We have 

y;x<yKw y;x<y<w 

= ^x,yUy + '^x,y{Uy + Ty^^Uz) 

y;x<y<.w y;x<y<w z;y<z<w 

= "^z^yUy + Tx,zUz + Tx,yry^zUz 

z\z<y<w z;x<z<w z;x<z<w y;x<y<z 

= Yl Yl ^o:,yry,zUz = ^ ^x.^^z = 0. 
z;x<z<w y;x<y<z z;x<z<w 

(We have used 4.6 and the equality Vy^y = 1.) Since a^: + = 0, we have 
ttx — Snez7"^"^ (finite sum) where 7^ G Z satisfy 7^ + 7_„ = for all n and 
in particular, 70 = 0. Then Ux = '^n<o^'n'^^ £ »4.<o satisfies 
This completes the inductive construction of the elements u^- We now define 
Cw = J2y;y<w '^v'^v ^ ^<o- It Is clear that c^ = mod H^q. We have 

Cw = ^y'^y — 5^ ''^J/ ^x,yTx — ( Tx,yUy)Tx 

y;y<w yjy^w x;x<y x;x<w y;x<y<w 

— ^ ] UxTx — Cw 
x;x<w 

(We have used the fact that rx,y 7^ implies x < y, see 4.7, and (d).) Thus, the 
existence of the element is established. 
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To prove uniqueness, it suffices to verify the following statement: 

(e) If h & H<o satisfies h = h then h = 0. 
We can write uniquely h = X^ygvK fy'^y where fy e A^o are zero for all but finitely 
many y. Assume that not all fy are 0. Then we can find Iq such that 

Yo^{ye W\fy ^ O,/ (y) = /o} ^0 and {y G W\fy ^ OJ{y) > lo} = 0. 
The equality Y.y fyTy ^ Y.y fyTy implies then 

EyeYo fy'^y = ^yeVo fy^y "^^^ Ey;Z(j/)<z(2/o) -^^v 
hence fy = fy for any y & Yq. Since fy e A<o, it follows that fy = for any 
y e Yq, a contradiction. We have proved that fy = for all y; (e) is verified and 
(a) is proved. 

The elements constructed in (a) (for various w) are related to the basis 
by a triangular matrix (with respect to <) with 1 on the diagonal. Hence these 
elements satisfy (b). The theorem is proved. 

5.3. For any w & W we set = l^yew Py,w'^y where Py^^ G A<o- By the proof 
of 5.2 we have 

Py,w = unless y < w, 

Pw,w 1? 

Py,yj e ^<o iiy <w. 
Moreover, for any x<wmWwe have 

Px,w = '^y-x<y<w''^x,yPy,'w 

Proposition 5.4. (a) Assume that L{s) > for all s E S. If x < w, then 
Px,w = mod v-^^'^^+^^^^+^Zlv]. 

(b) Without assumption on L, for x < w we have px,w = v^^'^^~^^''^Ti[iP' ,v~'^]. 

We prove (a) by induction on l{w) — l{x) . If l{w) — l{x) = then x = w, px,w = 1 
and the result is obvious. Assume now that l{w) — l{x) > 0. Using 4.7(b) and the 
induction hypothesis, we see that "^yx^yKw ''^x,yPy,w is equal to 

^ sgn(a;)sgn(y)^;-^(«)+^(^)^;-^(«')+^(^) = ^ sgn(a;)sgn(y)^;-^("')+^(^) 
y;x<y<w y;x<y<w 

plus strictly higher powers of v. Using 4.8, we see that this is — plus 
strictly higher powers of v. Thus, 

Px,w — Px,w = — plus strictly higher powers of v. 
Since Px,w ^ it is in particular a Z-linear combination of powers of v strictly 

higher than —L{w) + L{y). Hence 

—Px,w = — plus strictly higher powers of v. 
This proves (a). 

We prove (b) by induction on l{w) — l{x). If l{w) — l{x) = 0, then x = w, 
Px,w = 1 and the result is obvious. Assume now that l{w) — l{x) > 0. Using 4.7(c) 
and the induction hypothesis, we see that 

y;x<y<w y;x<y<w 
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Thus,p^,^-P3,,^ ev^^'^^-^^''^Z[v'^,v-\ Hence e v^^'^^-^^''^Z[v'^ ,v-\ The 
proposition is proved. 

5.5. Let s e S. Prom = Tg — {vs — v~^) we see that ri^s = — '^7^- We also 
se e that 

Ts + vl"- = T, - (vs - v-^) + Vs = Ts+ v-\ 
Ts - Vs =Ts - {vs - v-^) - y-^ =Ts- Vg. 
If L{s) = we have = Tg. Hence, 
Cs = Ts + v-^ if L{s) > 0, 
Cs = Ts- Vs if L{s) < 0, 
Cs = Ts if L{s) = 0. 

5.6. The involution in 3.4 carries to T^-i hence it carries H<o into itself; 
moreover, it commutes with": H Ti. (as pointed out in 4.9). Hence it carries c^, 
to c^-i for any tv G W. It follows that 

(a) Py-^ ^yj-^ Py,w 
for any y,w E W. 

6. Left or right multiplication by Cs 

6.1. In this section we fix s e S. Assume first that L(s) = 0. In this case we have 
Cs = Tg', moreover, TgTy = Tgy. Hence for to G we have 

CsC-w ^^yPyjwTsTy ^^y Py,lvTsy — ^^^y Psy.wTy . 

We see that CsCy^ G 7i<o and CgC^ = Tgw mod 7i<o. Since cjc^ = CsCyj, it follows 
that, in this case, CgC^ = Cgw Similarly we have c^Cg = Cyjs- 

6.2. In the remainder of this section (except in 6.8) we assume that L{s) > 0. 

Proposition 6.3. To any y,w E W such that sy < y < w < sw one can assign 
uniquely an element iiy^^ E A so that 
(i) K,w = lJ'y,w and 

i'^'^) '^z;y<z<w;sz<zPy,zl^z,w ~ '^sPy,w ^ >^<0 

for any y,w such that sy < y < w < sw. 

Let y, w be as above. We may assume that ^ are already defined for all z 
such that y < z < w; sz < z. Then condition (ii) is of the form: 

fJ'y,w GQUdls a known element of A modulo A^q. 
This condition determines uniquely the coefficients of v"^ with n > in Hy ^. Then 
condition (i) determines uniquely the coefficients of v'^ with n < in /z^^,. The 
proposition is proved. 

Proposition 6.4. Let y,w E W be such that sy < y < w < sw. Then Hy^^ 
is a Z-linear combination of powers f with —L{s) + 1 < n < L{s) — 1 and 
n = L{w) — L{y) — L{s) mod 2. 

We may assume that this is already known for all /U^^^ with z such that y < 
z < w; sz < z. Using 6.3(ii) and 5.4, we see that Hy^^ is a Z-linear combination 
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of powers v'^ such that, whenever n > 0, we have n < L(s) — 1 and n = L{w) — 
L{y) — L{s) mod 2. Using now 6.3(i), we deduce the remaining assertions of the 
proposition. 

Corollary 6.5. Assume that L{s) = 1. Let y,w eW be such that sy < y < w < 

sw. Then fXy .^^^ is an integer, equal to the coefficient of inpy^w In particular, 
it is unless L{w) — L{y) is odd. 

In this case, the inequahties of 6.4 become < n < 0. They imply n = 0. Thus, 
/iy is an integer. Picking up the coefficient of f° in the two sides of 6.3(ii), we 
see that |J,y ,^^ is equal to the coefficient of in Py^w The last assertion follows 
from 5.4. 

Theorem 6.6. Let w G W. 

(a) Ifw < sw, then CsC^ = Cs^^ + T.z;sz<z<w y^l,wCz- 

(b) If sw < w, then CgC^ = {vs + vj^)cw 

Since Cg = Ts + (see 5.5), we see that (b) is equivalent to (Tg — Vs)cu, = 0, 
or to 

(c) Px,w Psx,w 

(where sw < w,x < sx). We prove the theorem by induction on l{w). If w = 1, 
the result is obvious. Assume now that l{w) > 1 and that the result holds when 
w is replaced by w' with l{w') < l{w). 

Case 1. Assume that w < sw. Using Ca = Ts + v~^, we see that the coefficient 
of Ty in the left hand side minus the right hand side of (a) is 

fy — ''^sPy,w ''r Psy,w ~ Py,sw ~ Py,z^z,w 

z;y<z<w;sz<z 

where a — 1 if sy < y and a — —1 if sy > y. We must show that fy — 0. We first 
show that 

(d) fy e A<o. 

If sy < y this follows from 6.3(ii). (The contribution of psy,w ~ Py,8w 

is in A<:o if 

sy ^ w and is 1 — 1 = if = w.) 

If sy > y then, by (c) (applied to z in the sum, instead of w), we have 

fy — '^s Py,w + Psy,w — Py,sw ~ t^s Psy,zfJ'z,w 

z;y<z<w;sz<z 

— '^s fsy + l^g Psy,sw ~ Py,sw 

(the second equality holds by 2.5(a)) and this is in A<:o since fgy G ^<o (by the 
previous paragraph), E A<^o and since y ^ sw. Thus, (d) is proved. 

Since both sides of (a) arc fixed by" the sum fyTy is fixed by" From (d) 
and 5.2(e) we see that fy = for all y, as required. 

Case 2. Assume that w > sw. Then case 1 is aplicable to sw (by the induction 
hypothesis). We see that 
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C-w = + Vg )Csw ~ ^z;sz<z<sw f^z,sw^z- 

Now {Tg — Vs){Ts + vj^) = and {Tg — Vg)cz = for each z in the sum (by the 
induction hypothesis). Hence {Tg — Vg)cw = 0. The theorem is proved. 

Corollary 6.7. Let w eW. 

(a) Ifw< ws, then c^Cg = Cy,g + J2z;zs<z<w l^l-\w-^(^^- 

(b) If ws < w, then c^Cg = {vg + vj^)cw. 

We write the equahties in 6. 6(a), (b) for instead of w and we apply to these 
equahties the involution 3.4. Since this involution carries c^, to c^-i, the corollary 
follows. 

6.8. 6.3, 6.6, 6.7 remain valid when L{s) < provided that we replace in their 
statements and proofs Vg by —v~^. 

7. Dihedral groups 

7.1. In this section we assume that S consists of two elements si, S2. For i = 1, 2, 
let Li — L{si), Ti — Tg^, Ci — Cg^. We assume that Li > 0, L2 > 0. Let m — mg-^^g^. 
Let Ife, 2fc be as in 1.4. For w eW we set 

Lemma 7.2. We have 

C1T2, = Fi,^, + v^^-^-T^,_^ ifke [2, m), 

caFi, = r2,+, +^-^i+^^r2,_, ifk e [2,m), 

cir2fc = Fi^^^ ifk = 0,1, 
C2Fi^ = F2;,+i if 0,1. 

Since Cj = Tj + v~^^ , the proof is an easy exercise. 
Proposition 7.3. Assume that Li = L2. For any w eW we have — F^,. 
This is clear when l{w) < 1. In the present case Lemma 7.2 gives 

(c) Fi^_^, = ciF2fc - Fij^_,, F2fc+i = C2Fife - F2fc_i 

for k G [1, to). This shows by induction on k that F^, = F^, for all w e W. Clearly, 
— Tyj mod 7i<o. The lemma follows. 

7.4. In 7. 4-7. 6 we assume that L2 > Li. In this case, if to < 00, then to is even. 
(See 3.1.) For 2A; + 1 e [1, to) we set 

= I] (1 - + + (-l)^t;2sLi^^-aLi-.L2 

se[o,fc-i] 

+ (1 - V^^^ + V"^^^ + (-l)'=t;2fcLi)^-feLi-feL2(y2, + V-^^T2,). 
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For 2k+l e [3, m) we set 

r' 

l2fe + l 

^ ■ 

J/<l2fc-l I 

For w such that l{w) is even and for = li we set T'^ = Tw. 

Lemma 7.5. Let ( = v^''~^'^ + v^^~^^ e ^. W^e have 
(a)c^T'^^,=r[^,^^,ifk'e[0,m); 

(c) c2T[^,=n^,^^+(n^, ^, ifk' = 2,3,k'<m; 

(d) c2T[^,=T'^^,^^ if k' = 0,1. 

From the definitions we have 

(e) r^,,^, = E.e[o,.](-l)^^^^''^-''^^r2,,_,,^, if + 1 e [l,m), 

(f) r;^^^^ = Fi,,^, + v^^-^^T^,,_, if 2/. + 1 G [3, m). 

We prove (a) for k' = 2k + 1. The left hand side can be computed using (e) and 
7.2: 

Cir'2,,+, = Cl(F2,,+, - ^^^-^^F2,,_, + ^'^^-'^^F2,,_3 + . . . ) 

= r w + ^''^-''^ri,, - ^^^-^^Fi,, - ^'^^-2^^Fi,,_, 
+ ^'''^"'''^ri,,_, - ^^^^-^^^Fi,,_, + • • • = Fi,,^, = f;^^^^. 

This proves (a) for k' = 2k + 1. Now (a) for A;' = is trivial. We prove (a) for 
k' = 2k> 2. The left hand side can be computed using 7.2 and (f): 

cirk = C1F2,, = Fi,,,, + v^^-^^T,,,_, = f;^^^^. 

This proves (a) for k' = 2k. We prove (b) for k' = 2k. The left hand side can be 
computed using 7.2: 

C2r;,, - C2F1,, = F2,,^, +^-^^+^^F2,,_,. 

The right hand side of (b) is (using (e)): 

r2,,+, - ^^^-^^F2,,_, + ^'^^-'^^F2,,_3 + . . . 



'2fc + l 

^2k~l "3-^ ^2fc-3 ' ^ >>-^ ^2fc-5 

+ r2,,_3 - ^^^-^^F2,,_, + ^'^^-'^^F2,,_, + • • • = F2,, , , + ^-^^+^^F2,,_, . 



This proves (b) for k' = 2k. We prove (b) for k' = 2k + 1. The left hand side can 
be computed using (f) and 7.2: 

= r2,,+, + ^-^^+^^r2,, + ^^^-^^F2,, + F2,,_, = F'2^^^^ + CF^^^ + F'2,,_,. 

This proves (b) for k' — 2k + 1. The proof of (c),(d) is similar to that of (b). This 
completes the proof. 
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Proposition 7.6. For any w &W we have = ^'w 

Clearly, V'^ = mod 7i<o. From the formulas in 7.5 we see by induction on 
l{w) that = for all w. The proposition is proved. 

Proposition 7.7. Assume that m = oo. For a G {1, 2}, let fa = v^^"'^ + v~^^°'\ 

(a) Assume that Li = L2. For k, k' > 0, we have 

<^a2fc+i'^02fe'+i ~ Sue[0,min(2fc,2fe')] ''"2fe+2fe' + i-2u ' 

(b) Assume that L2 > Li. For k, k' > 0, we have 

^^2k+i^^2k'+i ~ f^'^ue[0,niin{k,k')] '^^2k+2k'+i-4,u' 

(c) Assume that L2 > L\. For k, k' > 1, we have 

<^l2fc + lCl2fe' + i = /l ^ Pu^'>-2k+2k' + l-2u 

ue[0,mm(fc-l,fe'-l)] 

where Pu = C f^f ^dd, & Z for u even. 

We prove (a). For k = k' = the equality in (a) is clear. Assume now that 
k = 0,k' >1. Using 7.2, 7.3, we have 

C2C2,,,^, = C2(C2C1^^, - C2,,,_ J = /2C2Cl^^, - /2C2,,,_, 
= f2C22k'+i + /2C22fc/_i ~ /2C22j.,_-^ = f2C22k'+ii 

as required. We now prove the equality in (a) for fixed k' , by induction on k. 
The case A; = is already known. Assume now that k = 1. From 7.2,7.3 we have 
C23 = C2C1C2 — C2- Using this and 7.2, 7.3, we have 

C23C22fe,+i = C2CiC2C2,,,^, -^202,,,^, = f2C2Cl^,,^,+f2C2Cl^^, - f2C2,,,^, 
= f2C2^i,,+s + /2C22fc, + i + /2C22fc, + i + (1 " ^k' ,q) f2C2^^^, _^ " f2C2^^^,^^ 
= /2C22;,,+3 + /2C22fe,+i + /2(1 - Sk',o)c2^^,_^, 

as required. Assume now that k > 2. From 7.2,7.3 we have 

C22fc+i = C2ClC22j^_i - 2c22fc_i - C22fe_3. 

Using this and the induction hypothesis we have 

'^22fe+iC22fe/_|_i = C2CiC22k-iC22k' +1 ~ '^'^22k-i'^22k' + i ~ '^22k-s'^22k'+i 

= /2ClC2 ^ ^22fc_,_2fc'-l-2« ~ ^ '^22fe+2fe/_i_2„ 

uE[0,min(2A;-2,A;')] u€[0,min(2fc-2,fc')] 

"^2 ^ ^ '"22fe+2fe'-3-2u ■ 

■u€[0,min(2A:-4,A:')] 



We now use 7.2,7.3 and (a) follows (for a = 2). The case a = 1 is similar. 
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We prove (b). For k = k' = the equality in (b) is clear. Assume now that 
k = 0,k' = 1. Using 7.5, 7.6, we have 

C2C23 = C2(c2Ci2 - Cc2i) = /2C2C12 - /2CC21 = /2C23 + /2CC21 - /2CC21 = /2C23, 
as required. Assume next that k — 0, k' > 2. Using 7.5, 7.6, we have 

— f2C22k'+i "I" /2Cc22fc/_i + /2C22fc/_3 ~ j^C^Ci^y _^ — ^2^,0^^^^ _^ — f2C22k'+i^ 

as required. We now prove the equality in (a) for fixed k' , by induction on k. 
The case /c = is already known. Assume now that k — 1. From 7.5,7.6 we have 
C23 — C2C1C2 — Cc2- Using this and 7.5,7.6, we have 

C23C2,,,+, = C2CiC2C2,,,^, - Cc2C2,,,+, = /2C2Ci^^,^^ - hCc22^,+^ 

= f2C22k'+3 + Mc^^k'+i + (1 - Sk',o)f2C22k'-i - hCc22k'+i 
= /2C22fc,+3 + (1 - h',Q)f2C22y_^ 

as required. Assume now that k > 2. From 7.5,7.6 we have 

C22k+i = C2CiC22^_^ - Cc22k-i - C22fe_3- 

Using this and the induction hypothesis we have 

'^22fc+iC22fc/_|_i — C2ClC22k-i^'22k'+i 2k-l^'^2k' + l '^22fc-3'^22fc/_|_i 

= /2C2C1 C22j,_^2fc'-l-4« ~ '^22fc_,_2fc'-l-4u 

ue[0,min(fc-l,fc')] «€ [0,min(A;-l,fc')] 

^ -y ^22fc_|_2fc'_3_4„ • 

tie[0,min(A;-2,fe')] 

We now use 7.5,7.6 and (b) follows. 

The proof of (c) is similar to that of (b). This completes the proof. 

Proposition 7.8. Assume that 4 < m < 00 and L2 > Li. Then m = 2k + 2 with 
k>l. Let 

p = {-l)''{v^2 + ^;--^'2)(^A;(L2-Li) _|_ ^(fe-2)(L2-Li) _| |_ ^-kiL2-Li)y 

Then, for some q & A, we have 

(a) C2^_iC2^_i =PC2^_1 +qc2^- 

Prom 7.5,7.6, we see that Ac2^_-^ + Ac2^ is a two-sided ideal of H. Hence (a) 
holds for some (unknown) p,q E A. It remains to compute p. Let x '■ ^ ^ 
be the algebra homomorphism defined by x(Ti) = —v~^^,x{T2) = v^^. Since 
C2^ = {Ti + v~^^)h for some h E H (see 7.5,7.6) we see that x(c2^) = 0. Hence 
applying x to (a) gives x(c2^_i)^ = Px(c2^_i)- It is thus enough to show that 
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(b) X(c2^_i) 
We verify (b) for m = 4: 

_j_ ^—^1—21/2 ^1/1—21/2 _ ^— I/1+2L2 y~^^ ^i-i — 2-^2^ 

and for m — Q: 

x(T2TiT2TiT2 + v-^^T2TiT2Ti + v-^^TiT2TiT2 + v-'^^^TiT2Ti 

+ (^y-I^i-L^ - v^^~^^)T2TiT2 + - v^^~^^^)TiT2 

+ (t;-^l-2i2 - V^^~^^^)T2Ti + [y-^^-^L^ - v^'--^^^)Ti 

_j_ 2Li— 2L2 _ ^—2^2 _j_ ^2Li— 2L2 -^2^^ _|_ 2Li— 3L2 _ ^—SL^ _j_ ^2Li— 3L2^^ 

_ ^— 2L1+3L2 _j_ 2^~2Li+L2 _j_ ^— 2Z/1— 1/2 ^— 2L1+L2 '2y~^^i~^2 21/1— 3Z/2 _j_ yL: 

_j_ 2t)~^^ -|- V~'^^^ + ^ — 2Li— L2 ■D~^'2 -|- ^2Li— L2 _|_ ^ — 2Li— 3L2 ^ — 3L2 _j_ ^2Li— 3L2 

_ ^ — 21/1+31/2 _j_ y — 2Li+L2 _j_ ^1/2 _j_ y~^2 _j_ ^21/1— L2 _j_ ^2Z/i— 3L2 

Analogous computations can be carried out for any even m. The proposition is 
proved. 

8. Cells 

8.1. For zeW define e }iom^{n,A) by 

Dz{cw) — Sz,w for all w E W. 
If w,w' e W we write w <— £ or w' — w if there exists s & S such that 
DwicsCw') 7^ 0; we write <— 7^ tu' or lu' — w if there exists s & S such that 
-Dto(ciu'Cs) 7^ 0; we write to w' or w' -^cn w if there exists s & S such that 

Dnj{csC^') 7^ or L'^(c^t,/Cs) 7^ 0. 

If w' G VF, we say that w <c w' (resp. w <tz w') if there exists a sequence 
w = Wo, wi, . . . , Wn = w' 'm.W such that 

Wo Wi,Wi ^CW2, . . . , Wn-l Wn 

(rcsp. Wo Wi, Wi ^2, • • • , Wn-l Wn)- 

l£ w,w' E W, we say that w <cn w' if there exists a sequence 

W = Wo,Wi,...,Wn= w' 

in W such that 

w^o ^cn wi,wi ^cn W2,...,Wn-i ^cn Wn- 
Clearly <£, <7^, </:7^ are preorders on W. Let ~£,~7i,~£7z be the associated 
equivalence relations. (For example, we have w ^ n w' if and only if w <c w' and 
w' <c w.) The equivalence classes on W for ~£, ~7?,, ^cn are called respectively 
/e/t cells, right cells, two-sided cells of W . They depend on L : — > N. 
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If w, w' e W , we say that w <c w' (resp. w <tz w'; w <cn w') if w <c w' and 
w w' (resp. w <n w' and w 7^7^ w'; w <cn w' and w '^cn w'). 

Let w, w' G VF. It is clear that 

w <c w' if and only if <-ji w'~^, 

w <cn w' if and only if <cn w'~^. 
It follows that w I— > carries left cells to right cells, right cells to left cells and 
two-sided cells to two-sided cells. 

Lemma 8.2. Let w' e W. 

(a) H<^yj' = ®w;w<cw'Acyj is a left ideal ofTi. 

(b) H<j^w' = ®w;w<nzw'^Cw is a right ideal ofH. 

(c) Ti-Kj-^w' = ®w;w<cTzw'Acw is o two-sided ideal ofH. 

We prove (a). Since Cs{s G S) generate H as an ^-algebra, it is enough to verify 
the following statement: 

if w & W is such that w <c w' and s & S then CsCy, e Hk^w'- 
From the definition, CsCw is an ^-linear combination of elements Cw" with w" <— £ 
w. For such w" we clearly have w" <c w'. This proves (a). The proof of (b),(c) 
is entirely similar. 

8.3. Let y be a left cell of W. From 8.3(a) we see that for y eY, 

is a quotient of two left ideals of Ti (independent of the choice of y) hence it is 
naturally a left 7i-module; it has an ^-basis consisting of the images of Cu,(t(; e Y). 
Similarly, if Y' is a right cell of W then, for y' &Y\ 

is a quotient of two right ideals of Ti (independent of the choice of y') hence 
it is naturally a right 7i-module; it has an .A-basis consisting of the images of 
c^{w e Y'). 

If Y" is a two-sided cell of W then, for y" e Y", 

w 

is a quotient of two two-sided ideals of Ti (independent of the choice of y") hence 
it is naturally a 7i-bimodule; it has an .A-basis consisting of the images of Cw {w e 
Y"). 

Lemma 8.4. Let s E S. Assume that L{s) > 0. Let — (Bw;sw<w^Cw = 

(a) {He 7i|(cs — Vs — vj^)h = 0} = 7i^. Hence is a right ideal ofTi. 

(b) {h e 7i|/i(cs -Vs- vj'^) = 0} = ^n. Hence is a left ideal ofH. 

We prove the equality in (a). The right hand side is contained in the left hand 
side by 6.6(b). Conversely, by 6.6, we have Cgh G for any h E Ti. Hence, if 
h ETC is such that Cgh — {vs +v~^)h, then (vs +v~^)h e so that h e (since 
H/H^ is a free A-module). This proves (a). The proof of (b) is entirely similar. 
The lemma is proved. 

8.5. For w eW we set C{w) = {s E S\sw < w}, TZ{w) = {s E S\ws < w}. 
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Lemma 8.6. Let w,w' e W. Assume that L{s) > for all s e S. 

(a) Ifw <c w', then n{w') C n{w). If w ~£ w' , then n{w') = n{w). 

(b) If w <'jz w' , then C{w') C C{w). If w w' , then C{w') = C{w). 

To prove the first assertion of (a), we may assume that D^{csC^') 7^ for some 
s&S. Let t G TZ{w'). We must prove that t G n{w). We have c^: G ^H. By 8.4, 
^Ti is a left ideal of H. Hence CsC^' G ^H. By the definition of *7i, for /i G *?i we 
have Dyj{h) — unless wt < w. Hence from Dyj{csCyj') 7^ we deduce wt < w, as 
required. This proves the first assertion of (a). The second assertion of (a) follows 
immediately from the first. The proof of (b) is entirely similar to that of (a). The 
lemma is proved. 

8.7. We describe the left cells of W in the setup of 7.3. From 7.2 and 7.3 we can 
determine all pairs y ^ w such that y <— w (we write 

lo — 2i ^ I2 ^ 23 ^ 



instead of £, — >/:): 



2o — >■ li ^ 22 — 
if m = 00, 

lo ^ 2i I2 t: 

2o — li ^ 22 - 

if m < cxo, m even, 
lo^2i^l2^ 
2o ^ li ^ 22 - 



I3 

23 
I3 

23 
I3 



1 



m— 1 



if m < 00, m odd. Hence the left cells are 
{lo}, {2i, 12,23, . . . }, {li,22, 13, • • •}, 

if m = cxD, 

{lo}, {2i, I2, 23, • • • , 2m-l}, {ll, 22, I3, • 
if m < 00, m even, 

{lo}, {2i, I2, 23, ... , Im-l}, {ll, 22, 13, • • • , 2r 

if m < (X), m odd. 

The two-sided cells are {lo}, W — {lo} if m = 00 and {lo}, {2to}, W — {lo, 2^} 
if m < 00. 



-1}, {2m}, 
-1}, {2m}, 



8.8. We describe the left cells of W in the setup of 7.4. From 7.5 and 7.6 we can 



determine all pairs y ^ w such that y ^ 
If m = 00, these pairs are: 

Iq — > 2i ^ I2 — > 23 ^ I4 — > . . . , 2c 
and 2i ^ I4, 22 ^ I5, 23 ^ le, . . . . 

If m = 4, these pairs are: 

lo — ^ 2i ^ I2 — >■ 23 — >• I4, 2o — >■ ll 
If m = 6, these pairs are: 

lo ^ 2i ^ I2 — > 23 I4 — > 25 ^ Ig 



w (we write 
ll ^ 22 ^ 

^ 2o If 



instead of <— £, — 



24. 



ll 



and 2i <— I4, 22 I5. An analogous pattern holds for any even m. 
Hence the left cells are 

{lo}, {2i, I2, 23, 14, . . . }, {ll}, {22, 13, 24, 15, • • • }, 
if m = 00, 
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{lo}, {2l, I2, 23, ... , lm-2}, {2m-l}, {ll}; {22, I3, 24, ... , Im-l}, {2m}, 

if m < 00. 

The two-sided cells are 

{lo}, {li}, W - {lo, li}, if m = cx) and 

{lo}, {li}, {2m-i}, {2m}, W - {lo, li, 2m-i, 2m}, if m < 00. 

9. COSETS OF PARABOLIC SUBGROUPS 

Lemma 9.1. Assume that w = S1S2 ■ ■ ■ Sq with Si e S. We can find a subsequence 
ii < 12 < • ■ • < ir of 1,2, ... ,r such that w = Si^Si^ ■ ■ - Si^ is a reduced expression. 

We argue by induction on q. If 5 = the result is obvious. Assume that q > 0. 
Using the induction hypothesis we can assume that S2 • • • is a reduced expression. 
If S1S2 ■ ■ - Sq is a reduced expression, we are done. Hence we may assume that 
S1S2 ■ ■ ■ Sq is not a reduced expression. Then l{w) — q — 1. By 1.7, we can find 
j G [2, q] such that S1S2 ■ ■ ■ sj-i = S2S3 . . .Sj. Then w = S2S3 . . . Sj-iSj+i . . .Sq is 
a reduced expression. The lemma is proved. 

9.2. Let w e W. Let w = S1S2 ... be a reduced expression of w. Using 1.9, we 
see that the set (s e /^js = for some i e [1, ?]} is independent of the choice of 
reduced expression. We denote it by S^j. 

9.3. In the remainder of this section we fix / C -5. Let Wj be the subgroup of W 
generated by /. 

If w G Wj then we can find a reduced expression w = S1S2 ■■■ Sq in W with 
all Si E I (we first write w = S1S2 ■ ■ ■ Sq a not necessarily reduced expression with 
all Si E I and then we apply 9.1). Thus, C I. Conversely, it is clear that if 
w' eW satisfies Syj> C / then w' e Wj. It follows that 

Wi = {we W\S^ C /}. 

9.4. Replacing S, {ms^s'){s,s')eSxS by I , {ms,s'){s,s')eixi in the definition of W 
we obtain a Coxeter group denoted by Wj. We have an obvious homomorphism 
/ : Wj Wi which takes s to s for s e /. 

Proposition 9.5. / : Wj — > Wj is an isomorphism. 

We define /' : Wj — > Wj as follows: for w e Wj we choose a reduced expression 
w = S1S2 ■ ■ - Sq in W; then Si E I for all i (see 9.3) and we set f'{w) = S1S2 ■ ■ - Sq 
(product in Wj). This map is well defined. Indeed, if S1S2 . . . s'^ is another re- 
duced expression for w with all Si G /, then we can pass from (si, S2, • • • , Sq) to 
{s'l, S2, . . . , s'g) by moving along edges of the graph X (see 1.9); but each edge 
involved in this move will necessarily involve only pairs (s, s') in /, hence the 
equation S1S2 ■ ■ ■ Sq = s'is'2 . . . s'^ must hold in Wj. It is clear that ff'{w) = w for 
all w G Wj. Hence /' is injective. 

We show that /' is a group homomorphism. It suffices to show that f'{sw) — 
f'{s)f'{w) for any w G Wj, s E I. This is clear if l{sw) — l{w) + 1 (in W). Assume 
now that l{sw) — l{w) — 1 (in W). Let w = S1S2 ■ ■ ■ Sr he a, reduced expression in 
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W. Then Si & I for all i. By 1.7 we have (in W) sw = S1S2 ■ ■ ■ Sj-iSj+i ■ ■ ■ Sg for 
some i e [1, q\. Since ssiS2 ■ ■ ■ Si-iSi+i ... Sg is a reduced expression for w in W, 
we have f'{w) = ssiS2 . ■ ■ Si-iSi+i . . .Sq (product in Wj). We also have f'{tv) — 
S1S2 ■ ■ ■ Sq (product in Wj). Hence ssiS2 ■ ■ ■ Si-iSi+i . . . Sq = S1S2 ■ ■ ■ Sq (in Wj). 
Hence S1S2 ■ ■ ■ Si-iSj+i ■ ■ - Sq = SS1S2 ■ ■ - Sq (in Wj). Hence f'{sw) — f'{s)f'{w), 
as required. 

Since the image of /' contains the generators s e / of Wj and /' is a group 
homomorphism, it follows that /' is surjective. Hence /' is bijective. Since //' = 1 
it follows that / is bijective. The proposition is proved. 

9.6. We identify Wj and Wj via /. Thus, Wj is naturally a Coxeter group. Let 
h '■ Wi — > N be the length function of this Coxeter group. Let w G Wj. Let 
w = S1S2 ... Sg be a reduced expression of w (in W). Then Si E I for all i (see 
9.3). Hence li{w) < l{w). The reverse inequality l{w) < li{w) is obvious. Hence 
li{w) = l{w). 

From 2.4 we see that the partial order on Wj defined in the same way as < on 
W is just the restriction of < from W to Wj. 

Lemma 9.7. Let Wja be a coset in W. 

(a) This coset has a unique element w of minimal length, 
(h) IfyeWi then l{yw) = l{y) + l{w). 

(c) w is characterized by the property that l{sw) > l{w) for all s e /. 

Let w be an element of minimal length in the coset. Let w = S1S2 ■ ■ ■ Sq be a 
reduced expression. Let y G Wj and let y = s'iS2 . . . Sp be a reduced expression in 
Wj. Then yw — s'iS2 . . . SpSiS2 . . .Sq. By 9.1 we can drop some of the factors in 
the last product so that we are left with a reduced expression for yw. The factors 
dropped cannot contain any among the last q since we would find an element in 
Wja of strictly smaller length than w. Thus, we can find a subsequence ii < i2 < 
■ ■ ■ < V of 1, 2, . . . , p such that yw = s^^s^^ . . . s^^siS2 ... Sg is a reduced expression. 
It follows that y — s'iS2 . . . Sp — s'^^^s'^^ ■ ■ - ^i^- Since p = l{y), we must have r = p 
so that s[s2 . . . SpSiS2 ... Sg is a reduced expression and l{yw) = p+q = l{y) + l{w). 

If now w' is another element of minimal length in Wia then w' = yw for some 
y G Wj. Wc have l{w) = l{w') = l{y) + l{w) hence l{y) =0 hence y = I and 
w' = w. This proves (a). Now (b) is already proved. Note that by (b), w has the 
property in (c). Conversely, let w' G aWi be an element such that l{sw') > l{w') 
for all s G /. We have w' = yw for some y G Wj. If y 7^ 1 then for some s G / we 
have l{y) = l{sy) + 1. By (b) we have l{w') = l{y) + l{w), l{sw') = l{sy) + l{w). 
Thus l{w') — l{sw') = l{y) — l{sy) = 1, a contradiction. Thus y = 1 and w' = w. 
The lemma is proved. 

Lemma 9.8. Let Wja be a coset in W. 

(a) If Wi is finite, this coset has a unique element w of maximal length. IfWj 
is infinite, this coset has no element of maximal length. 

(b) Assume that Wj is finite. If y E Wi then l{yw) = l{w) — l{y). 
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(c) Assume that Wj is finite. Then w is characterized by the property that 
l{sw) < l{w) for all s e /. 

Assume that w has maximal length in Wja. We show that for any y G Wj we 
have 

{d)l{yw) = l{w)-l{y). 
We argue by induction on l{y). If l{y) = 0, the result is clear. Assume now that 
l{y) — p + 1 > 1. Let y = si . . . SpSpj^i be a reduced expression. By the induction 
hypothesis, l{w) = l{siS2 ■ ■ ■ Spw) + p. Hence we can find a reduced expression of 
w of the form Sp . . . S2S1S1S2 . . . s^. Since Sp+i e /, by our assumption on w we 
have l{sp+iw) = l{w) — 1. Using 1.7, we deduce that either 

(1) Sp^iSp . . . Sj_|_i = Sp . . . Sj+iSj for some j e [l,p] or 

(2) Sp+iSp . ..S2Sis[s2 . • -Si+i = Sp . ..S2Sis[s2 . ■ ■ s i+iS • for some i e [l,q]. 
In case (1) it follows that y — si . . . SpSp-\-i — S1S2 ■ ■ ■ Sj—iSj-\-i . . . Sp 
contradicting l{y) = p + 1. Thus, we must be in case (2). We have 

yw = s[s'2 . . . s-_iS-^i ...s'q and l{yw) <q-l^ l{w) -p-l = l{w) - l{y). 
Thus, l{w) > l{yw) + l{y)- The reverse inequality is obvious. Hence l{w) = 
l{yw) + l{y). This completes the induction. 

From (d) we see that l{y) < l{w). Thus I : Wj ^ N is bounded above. Hence 
there exists y e Wj of maximal length in Wj. Applying (d) to y, Wj instead of 
w, Wjci wc sec that 

l{y) = l{y'-^) + l{y'-^y) = l{y')+l{y'-^y) 
for any y' G Wj. Hence a reduced expression of y' followed by a reduced expression 
of y'^^y gives a reduced expression of j/. In particular y' < y. Since the set 
{y' G W\y' < y} is finite, we see that Wj is finite. Conversely, if Wj is finite then 
Wja clearly has some element of maximal length. 

If w' is another element of maximal length in aWj then w' = yw for some 
y G Wj. We have l{w) = l{w') = l{w) — l{y) hence l{y) = hence y = 1 and 
w' = w. This proves (a) and (b). The proof of (c) is entirely similar to that of 
9.7(c). The lemma is proved. 

9.9. Replacing W, L by W/, L\wi in the definition of H we obtain an ^-algebra Hi 
(naturally a subalgebra of H); instead of rx,y.,Px,yi Cy, /^^ we obtain for x,y & Wj 
elements r^^ y G A,pi^y G A<o,4 ^ '^i^l^x^y ^ ^■ 

Lemma 9.10. Let z &W be such that z is the element of minimal length ofWiz. 

Let x,y E Wj. We have 

(a) {u' G W\xz <u'< yz) = G Wi\x <u< y}z; 

(b) rxz,yz = ''^x,y! 

(c) Pxz,yz Px,y> 

(d) 4 = Cy. 

(e) If in addition, s & I and sx < x < y < sy, then sxz < xz < yz < syz and 

l-^x,y l^xz,yz' 

We first prove the following statement. 
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Assume that zi, Z2 have minimal length in WjZi, W1Z2 respectively, that ui,U2 G 
Wi and that uiZ\ < U2Z2. Then 

(f) zi < Z2; if in addition, z\ = Z2 then ui < U2- 
Indeed, using 2.4 we see that there exist u'l, z'l such that 

UiZi = u']^z[, u[ < U2, z[ < Z2- 

Then v!-^ e Wj and z'^^ G WiZ\ hence z'^^ = wzi where w e Wi, l{z'-^) = l{w) -[-l{zi). 
Hence zi < z'^. Since z'l < Z2-, we see that z\ < Z2- If we know that z\ = Z2-, then 
z'y = z\ hence u\ = w'^. Since m'^ < ^2, it follows that u\ < U2 and (f) is proved. 

We prove (a). If m G Wj and x < u < y, then xz <uz < yz by 2.4 and 9.7(b). 
Conversely, assume that u' G W satisfies xz < u' < yz. Then u' — uzi where 
zi has minimal length in Wiu' and u G W/. Applying (f) to xz < uzi and to 
uzi < yz we deduce z < zi < z. Hence z = zi. Applying the second part of (f) to 
xz < uz and to uz < yz we deduce x < u < y. This proves (a). 

We prove (b) by induction on l{y)- Assume first that y — 1. Then ^ — ^x,i- 
Now rxz,z = unless xz < z (see 4.7(a)) in which — 1 and 2 = 1. Thus, 

(b) holds for y = 1. Assume now that l{y) > 1. We can find s G / such that 
l{sy) = l{y) — 1. We have 

l{syz) = l{sy) + l{z) = l{y) - 1 + l{z) = l{yz) - 1. 
li sx < X then we have (as in the previous line) sxz < xz. Using 4.4 and the 
induction hypothesis, we have 

rtr' ly^ /y»^ 

I xz,yz — I 8xz,syz — ' sx,sy ~ ' x,y 

If SX > X then we have (as above) sxz > xz. Using 4.4 and the induction hypoth- 
esis, we have 

fxz,yz = fsxz,syz + {^s ~ )Txz,8yz = fsx,sy + i'^s ~ )T^ gy = fx,y 

This completes the proof of (b). 

We prove (c). Using (a), we may assume that x <y (otherwise, both sides are 
zero.) We argue by induction on l{y) — l{x) > 0. If = x, the result is clear (both 
sides are 1). Assume now that l{y) — l{x) > 1. Using 5.3, then (a),(b) and the 
induction hypothesis, we have 

Pxz,yz — ^ ] '^xZjU'Pu' ,yz — ^ ] '^xz,uzPuz,yz 

u';xz<u'<yz u€Wi;x<u<y 

— 5^ '^x,uPuz,yz = '^x,uPu,y ~^ Pxz,yz- 

u£Wi;x<u<y u£Wi\x<u<.y 

Using 5.3 for Wi we have ^ = Y^y;x<u<y '^x,uPu,y Comparing with the previous 
equality we deduce 

Pxz,yz ~ Px,y ~ Pxz,yz ~ Px,y 

The right hand side of this equality is in A<o. Since it is fixed by" it must be 0. 
This proves (c). Now (d) is an immediate consequence of (c) (with z = 1). 
We prove (e). By 6.3(ii) we have 

'^u';xz<u'<yz;su'<u' Pxz,u'l^u',yz ~ '^sPxz,yz G ^<0- 

We rewrite this using (a): 
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2-^ueWi;x<u<y;su<uPxz,uzl^uz,yz '^sPxz,yz ^ >A<0- 

We may assume that for all u in the sum, other than « = a; we have Huz,yz ~ (^u,y- 
Using this and (d), we obtain 

l^xz,yz '^ueWi;x<u<y;su<uPx,uf^u,y ~ '^sPx,y ^ •^<0- 

By 6.3(ii) for Wj we have 

l^x.y ^" '^uGWj;x<u<y-su<uPx,u^^u,y ^ "^^sPx.y ^ '^<0- 

It follows that Hxz,yz ~ l^x,y ^ ^<o- On the other hand, lJixz,yz ~ l^x,y fixed by" 
(see 6.3(ii)) hence it is 0. This proves (e). The lemma is proved. 

Proposition 9.11. Assume that L{s) > for all s E I. 

(a) Let z &W be such that z is the element of minimal length ofWjz. Ifx,y in 
Wj satisfy x <c y (relative to Wj), then xz <c yz (inW). If x,y in Wj satisfy 
X r^jr y (relative to Wj), then xz r^jr yz (inW). 

(h) Let z E W be such that z is the element of minimal length of zWi. If x, y in 
Wi satisfy x <ti y (relative to Wi), then zx <n zy (in W). If x,y in Wj satisfy 
X y (relative to Wi), then zx zy (in W). 

We prove the first assertion of (a). We may assume that x <— £ y (relative to 
Wi) and x ^ y. Thus, there exists s e / such that sy > y, sx < x and we have 
either x = sy or x < y and /i^ ^ 7^ 0. If x = sy, then sxz < xz = syz > yz, hence 
xz yz (in W). Thus, we may assume that x < y and /U* ^ 7^ 0. By 9.10(e) we 
then have /J^^z^yz 7^ 0, hence xz <— £ yz (in W). The first assertion of (a) is proved. 
The second assertion of (a) follows from the first, (b) follows by applying (a) to 
z~^ ,x~^ ,y~^ instead of z,x,y. 

9.12. Assume that z eW is such that Wjz = zWj and z is the element of minimal 
length of Wjz — zWj. Then y 1— > z~^yz is an automorphism of Wj. If s G / then, 
by 9.7, we have l{sz) = l{s) + l{z) = 1 + l{z); by 9.7 applied to Wiz~^ instead of 
Wjz we have l{{z~^sz)z~^) — l{z~^sz)+l{z~^) hence l{z~^s) — l{z~^sz) + l{z~^); 
since l{z~^s) = l{sz) and l{z~^) = l{z), it follows that l{z~^sz) +l{z~^) = l + l{z), 
hence l{z~^sz) = 1. We see that y 1— > z~^yz maps / onto itself hence it is 
an automorphism of Wj as a Coxeter group. This automorphism preserves the 
function L\y[/j. Indeed, if y G Wj, then 

l{zyz-^)+l{z) = l{{zyz-')z) = l{zy) = l{y-'z-^) = l{y-^)+l{z-^) = l{y)+l{z) 
(by 9.7 applied to Wjz and to Wiz~^) hence 

L{zyz-') + L{z) = L{{zyz-')z) = L{zy) = L{y-^z-^) 
= L{y-')+L{z-')^L{y) + L{z), 

so that L{zyz~^) = L{z). In particular, this automorphism respects the preorders 
<£,<7^,<£7^ of Wj (defined in terms of L\\Yi) and the associated equivalence 
relations. 

Proposition 9.13. Assume that L{s) > for all s G /. Let z be as in 9.12. If 

x,y in Wj satisfy x <cn y (relative to Wj), then xz <c'r. (in W). If x,y in 
Wi satisfy x ^cn y (relative to Wj), then xz ^cn yz (inW). 
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We prove the first assertion. We may assume that either x <c y (in Wj) or 
X <n y (in Wi). In the first case then, by 9.11(a), we have xz <c yz (in W) 

hence xz <cn yz (in W). In the second case, by 9.12, we have z~'^xz <'ji z~^yz. 
Applying 9.11(b) to z~^xz^ z~^yz instead of x^y we see that xz <7^ yz (in W) 
hence xz <cn yz (in W). This proves the first assertion. The second assertion 
foUows from the first. 

10. Inversion 
10.1. For y, e we define q'y .^ e ^ by 

%,W — Yl{~^)^Pzo,ZlPzi,Z2 • • •Pzn-l,Zn 

(sum over aU sequences y = zq < zi < Z2 < ■ • ■ < Zn = w in W) and 

qy,w = sgn{y)sgn{w)q'y^^. 
We have 

Q.w,w — 1) 

Qy,w = unless y < w. 
Proposition 10.2. For any y,w E W we have 

%,w = '^z;y<z<w %,z'''z,w 

The (triangular) matrices Q' = {q'y^^)-, P = (Py,w), R = {fy,w) are related by 

(a) Q'P = PQ' ^1, P = RP, RR^ RR^l 

where~over a matrix is the matrix obtained by applying^to each entry. (Although 
the matrices may be infinite, the products are well defined as each entry of a 
product is obtained by finitely many operations.) The last three equations in (a) 
are obtained from 5.3, 4.6; the equations involving Q' follow from the definition. 
Prom (a) we deduce 

Q'P = l = Q'P = Q'RP. 

Hence Q' P = Q'RP. Multiplying on the right by Q' and using PQ' = 1 we deduce 
Q' = Q'R. Multiplying on the right by R we deduce 

(b) Q' = Q'R. 

Let s be the matrix whose y, w entry is sgu.{y)5y^yj. We have = 1. Let Q be the 
triangular matrix (qy^w). Note that Q = sQ's. By 4.5 we have R = sRs. Hence 
by multiplying the two sides of (b) on the left and right by s we obtain Q — QR. 
The proposition is proved. 

10.3. Let T :7i Ahe the ^-linear map defined by t{T^) = S^^i for w e W . 

Lemma 10.4. (a) For x,y E W we have riTxTy) = Sxy,i- 
(h) For h,h' en we have T{hh') = T{h'h). 

(c) Letx,y,z G W and let M = m.m{L{x), L{y), L{z)). We have riTj^TyTz) G 

We prove (a) by induction on l{y). If /(y) = 0, the result is clear. Assume 
now that /(?/)> 1. If l{xy) — l{x) + l{y) then Tn^Ty = T^y and the result is clear. 
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Hence we may assume that l{xy) 7^ l{x) + l{y). Then l{xy) < l{x) + l{y). Let 
y = S1S2 ... Sq be a reduced expression. We can find i e [1, q] such that 

(d) l{x) + i- 1 = 1{XSIS2 ■ ■ ■ Si-l) > 1{XSIS2 . . . Si-iSi). 

We show that 

(e) XS1S2 . . . Si-iSi+i ...Sq^l. 

If (e) does not hold, then x = Sq . . . Si+iSi-i . . .si, so that 

1{XSIS2 . . . Si-i) = l{Sq . . . Si+lSi-i . . . SiSi...Si-l) = l{Sq . . . Sj+l) = q - i, 
1{XSIS2 ■ ■ ■ Si-iSi) = l{Sq . . . Si+iSi-i . . . SiSi...Si) = l{Sq . . . Si+iSi) = q - 1 + 1, 

contradicting (d). Thus (e) holds. We have 



This completes the proof of (a). To prove (b), we may assume that h = Tx,h' —T^ 
for X, 2/ G VF; we then use (a) and the obvious equality 5xy,i = ^yx,i- 



We prove (c). Using b) we see that riTxTyT^) = T{TyT^Tx) = riT^T^Ty). 



We argue by induction on l{x). If x = 1, the result follows from (a). Assume 
now that l{x) > 1. We can find s E S such that xs < x. If sy > y, then by the 
induction hypothesis. 



The lemma is proved. 

10.5. Let H' = Hom_4(7f, ^). We regard H' as a left 7i-module where, for h G 
Hicj) E H' we have {h(j)){hi) = (j){hih) for all hi E H and as a right 7i-module 
where, for /i G 7Y, G H', we have {(j)h){hi) = (j){hhi) for all hi G H. 

10.6. We sometimes identify Ti' with the set of all formal sums X^xeVK ^xTx with 
ttx E A] to (j) E Ti' corresponds the formal sum XlxeVK ^(-^^^^O^x- Since Ti is 
contained in the set of such formal sums (it is the set of sums such that Cj; = 
for all but finitely many x), we see that li. is naturally a subset of Ti.' . Using 
10.4(a) we see that the imbedding H C H' is an imbedding of 7i-bimodules; it is 
an equality if W is finite. 

10.7. Let z E W. Recall that in 8.1 we have defined E H' by Dg{cw) = Sg^yj 
for all w. An equivalent definition is 




)• 





for all y E W. Indeed, assuming that (a) holds, we have 

Dz{Cw) = '^yQz,yPy,w = Sz,w 



(a) DziTy)=qi 
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Proposition 10.8. Let z eW,s e S. Assume that L{s) > 0. 

(a) Ifzs < z, then CsD^ = {vs + vJ^)D^ + D^s + Y.u;z<u<u8 t^l-\u-^^u- 

(b) If zs > z, then CsD^ = 0. 

For a, 6 e W we define 5a<b to be 1 if a < 6 and otherwise. Let w e W. If 
ws > w, then by 6.7(a), we have 

X 

xs<x<w 

(c) = 5z,^s + Yl l^l-\w-^^z,x- 

x 

xa<x<w 

If WS < w, then by 6.7(b), we have 
If ZS < z,ws > w, then by (c): 

u 

z<u<us I 

If zs < z,ws < w, then by (d): 

u 

z<u<us 

If ZS > ZjWS > w, then by (c), we have {csDz){cw) = 0. If zs > z,ws < w, then 
by (d), we have {csDz){cw) = 0. Since {c^) is an ^-basis of 7i, the proposition 
foUows. 

11. The LONGEST ELEMENT FOR A FINITE W 

11.1. Let / C be such that Wi is finite. By 9.8, there is a unique element of 
maximal length of Wj. Wc denote it by Wq. If wi has minimal length in Wja then 
WqWi has maximal length in Wja. 

11.2. In the remainder of this section we assume that W is finite. Then Wq ^ the 
unique element of maximal length of W is well defined. Traditionally one writes 
Wq instead of Wq . Since 1(wq^) — l{wo), we must have 

Wq^ = Wq. 

By the argument in the proof of 9.8 we have w < wq for any w e W. By 9.8 we 
have 

(a) l{wwo) — l{wo) — l{w) 
for any w G W. Applying this to and using the equalities l{w~^wo) = 
1{wq^w) — l{wow),l{w~^) = l{w), we deduce that 



32 



G. LUSZTIG 



(b) l{wow) = l{wo) — l{w). 
We can rewrite (a),(b) as 

l{wo) — l{w~^) + l{wwo), l{wo) — l{wow) + l{w~^). 
Using this and the definition of L we deduce that 

L{w~^) + L{wwo) — L{wq) — L{wqw) + L{w~^), 
hence L{wwq) = L{wow). This imphes L{wqwwq) = L{w) for aU w. Replacing 
L by Z we deduce that [{wqwwq) = l{w). Thus, the (involutive) automorphism 
w ^ wowwo of W maps S into itself hence is a Coxeter group automorphism 
preserving the function L. 

Lemma 11.3. Let y,w e W. We have 

(a) y < w wqw < woy wwq < ywQ. 

(b) fy,w — '''wwo.J/wo ~ fwow,woyj 

(c) P«;wo,ywo ~ Y2z;y<z<wPz'^o,y'Wo'l^z,w 

We prove (a). To prove that y < w =^ wqw < woy, we may assume that 
l{w) - l{y) = 1, yw-^ e T. Then 

Kywo) - l{wwo) = l{wo) - l{y) - {l{wo) - l{w)) = l{w) - l{y) = 1 
and {wwQ){ijWQ)~^ — wy~^ e T. Hence wqw < woy. The opposite implication 
is proved in the same way. The second equivalence in (a) follows from the last 
sentence in 11.2. 

We prove the first equality in (b) by induction on l{w). If l{w) = then w = 1. 
We have r^^i = ^^^^i. Now r^^^yj^y is zero unless wq < woy (see 4.7). On the 
other hand we have woy < wq (see 11.2). Hence ry^^^^^y is zero unless woy — wq, 
that is unless y = 1 in which case it is 1. Thus the desired equality holds when 
l{w) = 0. Assume now that l{w) > 1. We can find s E S such that sw < w. Then 
swwo > wwq by (a). 

Assume first that sy < y (hence sywo > ywQ.) Using 4.4 and the induction 
hypothesis wc have 

^y,w fsy,sw — '^swwojsywo — fwwo,ywo- 

Assume next that sy > y (hence sywo < ywQ.) Using 4.4 and the induction 
hypothesis we have 

"^yjW — fsy,sw ~l" i'^s '^s )^y,sw — fswwo,sywo ~l~ i^s '^s ^^swwojywo 

This proves the first equality in (b). The second equality in (b) follows from the 
last sentence in 11.2. 

We prove (c). We may assume that y < w. By 5.3 (for wwo,ywo instead of 
y,w we have 

Pwwo,ywo = '^z;y<z<w'^'wwo,zwQPzwo,ywo 

(we have used (a)). Here we substitute r^^i^^zw^ = rz,w (see (b)) and the result 
follows. The lemma is proved. 
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Proposition 11.4. For any y,w eW we have Qy^^ = Pwwo,ywo = Pwow,woy 

The second equality follows from the last sentence in 11.2. We prove the first 
equality. We may assume that y < w. We argue by induction on l{w) — l{y) > 
0. If l{w) — l{y) — we have y — w and both sides are 1. Assume now that 
l{w) — l{y) > 1. Substracting the identity in 11.3(c) from that in 10.2 and using 
the induction hypothesis, we obtain 

Qy,w Pwwo,ywo — Qy,w Pwwo,ywo- 

The right hand side is in ^<o; since it is fixed by" it is 0. The proposition is 
proved. 

Proposition 11.5. We identify H — H' as in 10.6. If z & W , then D^-i e H' 
(see 10.7) becomes an element ofH. We have 
Dz-^T-^l = sgn{zwo)cl^^, as in 3.5). 

By definition, D^-i ETC is characterized by 

T{D,-iTy-i) =q'^_,^y_, 
for all y e W. Here r is as in 10.3. Hence, by 10.4(a), we have D^-i = 
Y^yq'^-i^y-iTy. Using 11.4, we deduce 

Dz-^ = T.y^^{yz)Pwoy-\woZ-^Ty. 

Multiplying on the right by gives 

Dz-^T-l = J2y^m{yz)Pnjoy-',woz-^T-^y-i 

since T^^y-iTy = T^^^. On the other hand, 

sgVL{zwo)c\^^ = ^sgYv{zwox)pa;,zwoT^-i = ^ sgn(z'u;oy«;o)Pj/«,o,2«;o^JoVi " 

X y 

We now use the identity Pywo,zwo — Pway-^ ,W()Z^^ • The proposition follows. 

Proposition 11.6. Let u, z G W, s E S be such that sz < z < u < su. Assume 
that L{s) > 0. Then suwq < uwq < zwq < szwq and 

Let z eW,s e S he such that sz < z. Using 10.8(a), we see that 

hence, using 11.5, we have 
{cs - {vs + vJ^))sga{zwo)cl^^ = sga{zswo)cl^^^ + //^^„sgn(w«;o)c^. 

U-,Z<U<8U 

Applying ^ to both sides and using (cg — (vg + v'^^))^ = —Cs gives 

(a) —CgCzwo — ~Cszwo + ^m;2<u<su A'z,^l^S^(^^)'^^^wo• 
Since szwq > ZWo, we can apply 6.6(a) and we get 

CsCzwo = Cszwo + ^^u' ■,su' <u' <zwo f^u',zwo^^' 

or equivalently 

CsCzwo — C^szwo + Y2u;z<u<su l^uwo,zwo^'"''Wo' 

Comparing this with (a) we get 

~'^u;z<u<su l^z,u^S^{'a^)^uwo — "^uizKuKsu ^^uwo,zwo^uwo'■l 

the proposition follows. 
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Corollary 11.7. Assume that L{s) > for all s e S. Let y,w e W. 

(a) y <c w ^ wwq <c ywo ^ wqw <c woy; 

(b) y <nw ^ wwo <n ywo <^ wqw <n woy; 

(c) y <cn w ^ wwo <cn ywo ^ wqw <cn woy. 

(d) Left multiplication by wq carries left cells to left cells, right cells to right 
cells, two-sided cells to two-sided cells. The same holds for right multiplication by 

Wq. 

We prove the first equivalence in (a). It is enough to show that y <c w =^ 
wwq <c ywQ. We may assume that y w and y ^ w. Then there exists s & S 
such that sw > sy < y and Dy(csCw) 7^ 0. We have sywo > ywo, swwo < wwq. 
From 6.6 we see that either y = ws or y < w and /U^^ 7^ 0. In the first case 
we have wwo — sywo; in the second case we have wwq < ywo and IJ'ijwo,ywo 7^ 
(see 11.6). In both cases, 6.6 shows that D^woicsCywo) 7^ 0. Hence wwq <c ywQ. 
Thus, the first equivalence in (a) is established. The second equivalence in (a) 
follows from the last sentence in 11.2. 

Now (b) follows by applying (a) to instead of (a); (c) follows from (a) 

and (b); (d) follows from (a),(b),(c). The corollary is proved. 

12. Examples of elements 

Proposition 12.1. Assume that L{s) > for all s e S. For any y eW we have 
DiiTy) = sgii{y)v~^^y\ Equivalently, with the identification in 10.6, we have 
D, = Y.^^^sgn{y)v-^(y)Ty. 

An equivalent statement is that q[ y = sgn(y)v~^^y\ Since q[ y are determined 
by the equations Qi,yPy,w = ^i,w (see 10.2(a)) it is enough to show that 

EySgn(2/)z;-^(^Vy,™ = 
for all w G W. If w = 1 this is clear. Assume now that w ^ 1. We can find s & S 
such that sw < w. We must prove that 

T.y-y<sy^SHy)v~^^^\Py,w - v;^Psy,w) = 0. 

Each term of the last sum is 0, by 6.6(c). The proposition is proved. 
Corollary 12.2. Assume that W is finite and that L{s) > for all s e S. Then 
^wo ~ z-^y^w " 

This follows immediately from 12.1 and 11.5. Alternatively, we can argue as 
follows. We prove that Py^wo = v~^^y'^°^ for all y, by descending induction on l{y). 
If l{y) is maximal, that is y = wq, then Py^wo = 1- Assume now that l{y) < l{wo). 
We can find s E S such that l{sy) = l{y) + l. By the induction hypothesis we have 
Pay, wo = v-^^'y'^°\ By 6.6(c), we have 

Py,wo 

= Vj^Psy Wo = 1;""'^^*^"'^'^*^"'°'' = i;~''^(«)~-'^(«'o)+-'^(«2') = y-Li'^o)+L{y) — ^-L{ywo) ^ 



The corollary is proved. 
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12.3. From 11.5 we see that D^-i can be explicitly computed whenever W is 
finite and Czwo is known. In particular, in the setup of 7.4 with m = 2k + 2 < oo, 
we can compute explicitly all D^-i using 7.6(a). For example: 

Ds,= (1-^^^'+^^^' + (^-iyv^^L,^v-sL,-sL2 

se[o,k-i] 

X m,^^, -^-^^T2,,^, -t^-'^^Ti^^^, +t^-'^^T2,,^3) 

+ (1 - + ^^^1 - • • • + (-1) - ^"^'^^w). 

Using this (for larger and larger m) one can deduce that an analogous formula 
holds in the setup of 7.4 with m = oo: 

Ds, = ^(1 - V^^^ + v"^^^ + (-iyy^sL,^^-sL,-8L^ 

s>0 

(a) X (Ti,^^, - t;-^^T2,,^, - ^-^^Ti,^^, + v'^'^-T^,^^,) e W . 

(We use the identification in 10.6.) 

13. The function a 

13.1. In the remainder of these lectures we assume that L{s) > for all s & S. 
A reference for this section is [L3]. 

For X, y.zinW we define /a;,^,^ G A, f'^^y^^ G A, hx,y,z e ^ by 

CxCy = ^zeW hx,y,zCz- 

We have 

(a) fx,y,z = "l^z' Pz,z' fx,y,z' 

(b) fx,y,z — J2u^z,z'fx,y,z', 

(c) hx,y,z = Ylix' ,y' Px' ,xPy' ,yfx' ,y' ,z^ 

(a),(c) follow from the definitions; (b) follows from (a) using 10.2(a). All sums in 
(a)-(c) are finite. From 8.2, 5.6, we see that 

(d) hx,y,z 7^ =^ z <Tzx,z <cy, 

(e) hx,y,z = ^j/-i,a;-i,z-i- 

13.2. We say that A?" e N is a hound for W, L if fx,y,z ^ >^<o for all x, y, z in 
W. We say that VF, L is bounded if there exists A G N such that A is a bound for 
W,L. If is finite then W, L is obviously bounded. More precisely: 

Lemma 13.3. // W is finite, then A = L{wq) is a hound for W, L. 

By 10.4(a) we have fx,y,z = ^{TxTyTg-i). By 10.4(c) we have T{TxTyT^-i) G 
^L(u)o)z[^-i], The lemma is proved. 
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13.4. More generally, according to [L3, 7.2], if W is tame and L = I then W, L is 
bounded; as a bound we can take 

(a) N = max/ L{wq) 

where / runs over the subsets of 5" such that Wj is finite. This result and its proof 
remain valid without the assumption L — I. 

We illustrate this in the setup of 7.1 with m = oo. For a,b E {1,2} and 
k > 0,k' > 0, we have 

Tat^Tb^, = Ta^^^, ifb = a + k mod 2, 

Ta,n^, = Ta^b,, + Ene[i,min(fc,fc')] ^b+u-iTa,^,, if 6 = a + /c + 1 mod 2; 
here, for n G Z we set = v^'^ — v~^^ if n is odd and = — v~^^ if n is 
even. We see that, in this case, max(Li, L2) is a bound for W, L. 

Question. Is it true, in the general case, that W, L admits a bound? If so, can 
the bound be taken as in (a)? 

Lemma 13.5. Assume that N is a bound for W,L. Then, for any x,y,z in W 
we have 

(b) v~^hx,y,z e A<o- 

(a) follows from 13.1(b) since q'^ ^, e A<X)- (b) follows from (a) and 13.1(c) since 

Vx',x £ «4<o, Vy'.y £ A<Si- 

13.6. In the remainder of this section we assume that W, L is bounded. Let N 
be a bound for VF, L. By 13.5(b), for any z &W there exists a unique integer 
a(z) G [0, N] such that 

(a) /ix,y,2 e t'^(^)Z[t;~^] for all x,y eW, 

(b) hx,y,z ^ f^*^^''~^Z[t)~-^] for some x,y eW. 

(We use that /ii,a;,2 = 1-) We then have for any x, y, z: 

(c) h,,y,, = lJ,y,,-^v<-^ mod v<-)-^Z[v-^] 

where ^x,y,z-^ G Z is well defined; moreover, for any z &W there exists x,y such 
that 7x,y,z-i 7^ 0. 

For any x,y,z we have 

(d) fL,y,z = lx,y,z--V<-^ Hiod V<-)-^Z[v-\ 

This is proved (for fixed z) by induction on l{x) + l{y) using (c) and 13.1(c). (Note 
that Px',xPy',y is 1 if x' = x,y' = y and is in A<^o otherwise.) 

Proposition 13.7. (a) a(l) = 0. 

(b)IfzeW- {1}, then a(^) > minxes ^(s) > 0. 

We prove (a). Let x,y E W. Assume first that y ^ 1. We can find s G -5 such 
that ys < y. Then Cy G *7Y. Since is a left ideal (see 8.4) we have CxCy G *7Y. 
Since si > 1, from the definition of it then follows that = 0. 

Similarly, if x ^ 1, then = 0. Since = 1, (a) follows. 

In the setup of (b) we can find s E S such that sz < z. By 6.6(b) we have 
hs,z,z — fJs + '^7^- This shows that a(^) > L{s) > 0. The proposition is proved. 
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Proposition 13.8. Assume that W is finite. 

(a) We have a.{wo) = L{wo). 

(b) For any w &W — {wq} we have a.{w) < L{wo). 

For any w e W we have by definition ai{w) < N where N is a bound for W, L; 
by 13.3 we can take N — L{wo), hence a.{w) < L{wo). 

We prove (a). From 6.6(b) we see that TgC^^ = VsC^^ for any s & S. Using this 
and 12.2, we see that 

hence 

^-0,-0,-0 = Ey6iv^"''^™"^^'^^^^ e mod ^;^(-«)-iZ[i;-i]. 

It follows that a{wo) > L{wo). Hence a{wo) = L{wo). This proves (a). 

We prove (b). Let z E W he such that a(z) — L{wq). We must prove that 
z = Wq. By 13.6(d), we can find x,y such that 

f'x,y,z — bv^^'^°^ + strictly smaller powers of v 
where 6 e Z — {0}. For any z' ^ z we have 

(by 13.6 and the first sentence in the proof). Since pz,z' = 1 for z = z' and 
Pz,z' e A<:o for z' < z, we see that the equality fx,y,z = Y^z' P^,^' fx,y,z' (^ee 
13.1(a)), implies that 

fx,y,z = bv^^'^°^ + strictly smaller powers of v 
with 6 7^ 0. Now fx,y,z = T{TxTyTz-i). Using now 10.4(c) we see that 

m\n{L{x),L{y),L{z~^)) = L{wo). 
It follows that X — y — z~^ = wq. The proposition is proved. 

Proposition 13.9. (a) For any z E W we have a.{z) — a.{z~^). 
(h) For any x,y,zeW we have ^y^^y^z = ly-\x-\z-^- 

This follows from 13.1(e). 

13.10. We show that, in the setup of 7.1 with m = oo and L2 > Li, the function 
a : ly — N is given as follows: 

(a) a(l) = 0, 

(b) a(li) = Li,a(2i)=L2, 

(c) a(U) =a(2fc) = L2 if > 2. 

Now (a) is contained in 13.7(a). If S2Z < z then, by the proof of 13.7(b) we have 
a(2) > L2. By 13.4, L2 is a bound for W, L hence a(2) < L2 so that a(2) = L2. If 
ZS2 < z then the previous argument is applicable to z~^ . Using 13.9, we see that 
ai{z) = ai{z~^) = L2. 

Assume next that z = l2fe+i where A; > 1. By 7.5, 7.6, we have 

hence hi^^22k,z = '^^^ + Thus, a{z) > L2. By 13.4 we have a{z) < L2 hence 

a(^) = L2. 

It remains to consider the case where z = si. Assume first that Li — L2. Then 
a(si) < Li by 13.4 and a(si) > Li by 13.7(b). Hence a(si) = Li. 
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Assume next that Li < L2. Then I = ^^-^Acyj is a two-sided ideal 

X oiH (see 8.8). Hence if a; or j/ is in — {1, si}, then CxCy e X and hx,y,si = 0. 
Using 

^1,1, Sl = 0, /ll,Si,Sl = = 1, = + 

we see that a(si) = Li. Thus, (a),(b),(c) are estabhshed. 

13.11. In this subsection we assume that we are in the setup of 7.1 with 4 < m < 

00 and L2 > Li. By 7.8, we have 

/i2^_i,2,„_i,2„,_i = (-l)(^-2)/2^(™i'2-(m-2)Li)/2^ Strictly smaller powers oi v. 
Hence a(2^_i) > (mL2 — (m — 2)Li)/2. 

One can show that the function a : — > N is given as follows: 

a(l)=0, 

a(li) = Li,a(2i) =L2, 

a(l^_i) = L2, a(2^_i) = (mL2 - (m - 2)Li)/2, 
a(2^) =m(Li +L2)/2, 
a(lfe) = a(2A;) = L2 if 1 < A; < m - 1. 
This remains true in the case where Li = L2. 

14. Conjectures 

14.1. In this section we assume that W, L is bounded. 

For an integer n we denote by 7r„ : ^ ^ Z be the group homomorphism defined 

by T^niT,k^z(^kv'') = On. 

For z E W we denote by A{z) the integer > defined by 

(a) pi,z = nzV~^^^^ + strictly smaller powers of e Z — {0}. 

Note that A(l) = 0, < A(z) < L{z) for z 1 (see ...) and A(z) = A(^-i) for 

all z. Let 

V = {ze W\ai{z) = /^{z)}. 
Clearly, zeV =^ z''^ eV. 

Conjectures 14.2. The following properties hold. 
PI. We have a{z) < A{z). 

P2. If d &!) and x,y &W satisfy ^x,y,d 7^ 0, then x = y~^. 

P3. If y E W , there exists a unique d eV such that 7^-1,^.^ 7^ 0. 

P4- If z' <cn z then a(z') > Sl^z). Hence, if z' ^cn z, then b.{z') = b.{z). 

P5. If d eV,y eW, 1y-\y,d ^ 0, then 1y-i,y,d = nd = ±1. 

P6. IfdeV, then d'^ = 1. 

P7. For any x,y,z eW we have 73;,^,^ = ^y,z,x- 

P8. Let x,y,z e W be such that ^x,y,z 0- Then x ~£ y~^ , y ~£ , 

P9. If z' <c z and Sl^z') = Sl^z) then z' ~£ z. 
PIO. If z' <-n z and 3i{z') — 3i{z) then z' z. 
PH. If z' <cn z and 3i{z') = a.{z) then z' ^cn z. 
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PI 2. Let I G S. Ify& Wj, then a{y) computed in terms ofWj is equal to a(y) 
computed in terms ofW. 

P13. Any left cellT ofW contains a unique element d eV. We have ^x-'^,x,d 
for all X eT. 

PI4. For any z E W we have z ^cn . 

P15. Let v' he a second indeterminate and let h'^^y^^ e Z[t;',f'~^] he ohtained 
from hx,y,z hy the suhstitution v 1— > v' . If x,x',y,w e W satisfy a.{w) = a(j/), then 

^y' ^w,x',y'^x,y',y = X^y' ^x,w,y'hy' ^x' ,y 

In §15-§17 we will verify the conjecture above in a number of cases. 

Auxiliary statement 14.3. Let x,y,z,z' eW he such that ^x,y,z-^ 0? ^' 

z. Then there exists x' E W such that TTsi{z){hx' y z') ^- -^'^ particular, b.{z') > 

In this section we will show, that, if P1-P3 and 14.3 are assumed to be true, 
then P4-P14 are automatically true. The arguments follow [L3], [L4]. 

14.4. 14.3 =^ P4- Let z',z be as in P4. We can assume that z' ^ z and 
that z' <— £ z or z'~^ <— £ z~^. In the first case, from 14.3 we get a(z') > a(z). 
(We can find x,y such that ■yx,y.z-^ 0-) the second case, from 14.3 we get 
a(z'~^) > a{z~^) hence a{z') > a{z). 

14.5. P1,P3 =^ P5. Let x,y E W. Applying r to CxCy — h^^y^zCz gives 

^^a;,j/,zPl,z = Px' ,xPy' ,y'T{Tx'Tyi) = Px' ,xPy' ,ySx'y' ,1 = '^Px' ,xPx'-\y 
z x' ,y' x' ,y' x' 

hence 

(a) ^hx,y,zPi,z = Sxy,i mod 'i;"^Z['i;"^]. 

z 

We take x — y~^ and note that hy-i^y^g ^ v^^'^^Z[v~^], pi^z £ v~^^^^Z[v~^], hence 

hy-.,y^zPl,Z&V^(-^-^(-^Z[V-^]. 

The same argument shows that, ii z eV, then 

hy-\y,zPl,Z e 'yy-\y,z--^nz + " ^ Z " . 

If z ^ V then, by PI, we have a{z) — A{z) < so that /iy-i,y,a:Pi,z G v~^Z[v~^]. 
We now see that 

Ez hy-i^y^zPi,z = J2zev ly-\y,z-^nz mod v-^Z[v-^]. 
Comparing with (a) we see that X^g^T? 7^/~^2/,2~^'^^ ~ Equivalently, 

Using this and P3 we see that, in the setup of P5 we have 7j/-i,j/,d?T'd = 1- Since 
7y-i y d,nd are integers, we must have ^y-i^y^a = = =tl- 

14.6. P2,P3 ^ P6. We can find x,y such that 7^;,^,^ 7^ 0. By P2, we have 
X = y~^ so that jy-i^y^d 0- This implies 7j;-i,j/,d-i ^ 0. (See 13.9(b)). We have 
d~^ E V. By the uniqueness in P3 we have d = d~^. 
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14.7. P2,P3,P4,P5 =^ P7. We first prove the following statement. 

(a) Let x,y, z & W, d & V be such that ^x,y,z 7^ 0, ^z-'^,z,d 7^ 0? ^(^) = ^{^)- 
Then ^x,y,z ~ 

Let n = Si{d). From ^x,y,z 7^ we deduce 7^ hence z~'^ <^ x, hence 

n — a.{z) — a(^~^) > a(x) (see P4). Computing the coefficient of Cd in two ways, 
we obtain 

X^z' hx,y,z'hz' ,z,d = X^x' hx,x' ,dhy,z,x' • 

Now hz',z,d 7^ implies d <n z' hence a(2;') < a((i) = n (see P4); similarly, 
hx,x',d 7^ implies d <c x' hence a(a;') < a((i) = n. Thus we have 

'^z'-a.{z')<n^x,y,z'hz',z,d = Yl,x' ■a.{x')<n^x ,d^y ,z ,x' ■ 

By P2 and our assumptions, the left hand side is 
lx,y,zlz-^ ,z,d'^'^'^ + strictly smaller powers of v. 
Similarly, the right hand side is 

7x,x-i,d7rn(^3/,z,x-i)'^^" + strictly smaller powers of v. 
Hence 7x,x-i,d7r„(/iy,2,^-i) = ^x,y,zlz-\z,d ^ 0. Thus, 

7a;,x-i,d 7^ 0,7r„(/ly^2^^-i) 7^ 0. 

We see that ai{x~^) > n. But we have also a(a;) < n hence a(a;) = n and 
7rn(/iy,z,x-i) = 7j/,^,a;- Since ^x,x-\d 0, we have (by P5) ^x,x-\d = lz-\z,d- 
Using this and 7a;,a;-i,rf72y,z,x = lx,y,zlz-\z,d we deduce 7j/,z,a; = lx,y,z, as required. 
Next we prove the following statement. 

(b) Let z & W,d E V be such that Jz-^,z.d 0. Then a.{z) — a.{d). 

We shall assume that (b) holds whenever aL{z) > Nq and we shall deduce that it 
also holds when a.{z) = A^o- (This will prove (b) by descending induction on ai{z) 
since aL{z) is bounded above.) Assume that a(^) = A^o- From ^z-^.z,d = il we 
deduce that 7^ hence d~^ <£ z~'^ hence a.{d~^) > ai{z~^) (see P4) and 

a.{d) > 8l{z). Assume that a{d) > 8l{z), that is, a{d) > Nq. Let d' E V he such 
that ^d-^,d,d' (see P3). By the induction hypothesis applied to d,d' instead 
of z,d, we have a{d) = a{d'). From ^z-\z,d 7^ 0, -fd-\d,d' 0' a(^) = 
we deduce (using (a)) that ^z^d,z~^ ~ ^z~''- ,z,d- Hence 7z,d,z~i 

^ 0. It follows 

that hz,d,z 7^ 0, hence z <c d, hence a(^) > a{d) (see P4). This contradicts the 
assumption a{d) > a{z). Hence we must have a{z) ~ a{d), as required. 

We now prove P7. Assume first that 'yx,y,z 7^ 0. Let d E T> he such that 
7«-i,z,d (see P3). By (b) we have a{z) = a{d). Using (a) we then have 
lx,y,z = ly,z,x- Assume next that 7x,y,z = 0; we must show that Jy,z,x = 0. We 
assume that 7y,2,x 7^ 0. By the first part of the proof, we have 

ly,z,x 7^ ^ ly,z,x = lz,x,y 7^ ^ lz,x,y — lx,y,z 7^ 0; 

a contradiction. 

14.8. P7 =^ P8. If 7x,j/,z 7^ 0, then h^^y^^-^ 0, hence z~^ <c y^z <c x~^. 
By P7 we also have ■yy,z,x (hence x~^ <c z,x <c y~^) and ^z,x,y 7^ (hence 

<c X, y <c z-'^). Thus, we have x r^c V z~^,z ~£ x'^. 

14.9. 14-3,P4,P8 =^ P9. We can find a sequence z' — zq, zi, . . . , Zn — z such 
that for any j e [1, n] we have Zj-i <c Zj. By P4 we have a{z') = a^zo) > a{zi) > 
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• • • > a{zn) — sl{z). Since aL{z) = aL{z'), we have ai{z') — a.{zo) — a(2i) = • • • = 
a.{zn) = 3i{z). Thus, it suffices to show that, if z' £ z and ai{z') = ai{z), then 
z' ~£ z. Let x,y E W he such that ^x,y.z-^ / 0. By 14.3, there exists x' E W 
such that 'n'a{z){hx' ,y,z') 7^ 0. Since ai{z') = a(z), we have 7x',y,z'-i 7^ 0. From 
lx,y,z-^ 0, ^x',y,z'-^ 7^ we deduce, using P8, that y z,y z' , hence 

Z ~£ 2;'. 

14.10. =^ Pi^?. We apply P9 to 2-^2'-^ 

14.11. P4,P9,P10 =^ Pll. We can find a sequence z' = zq, zi, . . . , Zn — z 
such that for any j G [l,n] we have Zj-i <c Zj or Zj-i <u Zj. By P4, we 
have ai{z') = a{zo) > a.{zi) > ■ ■ ■ > SL{zn) ~ sl{z). Since a(^) = ai{z'), we have 
a{z') = a.{zo) = sl{zi) = • • • = a.{zn) = sl{z). Applying P9 or PIO to Zj-i,Zj we 
obtain Zj-i ~/: zj or zj-i zj. Hence z' ^cn z. 

14.12. P3,P4,P8 for W and Wi ^ P12. We write a/ : VT/ ^ N for the 
a-function defined in terms of Wj. For x,y, z E Wj, we write hl.^y^^, ^x,y,z f*^^ 
analogues of hx,y,z-i lx,y,z when is replaced by Wi. Let TY/ C 7t be as in 9.9. 

Let dEVhe such that ^y-i^y^d 0- (See P3.) Then 7ra(d)(^y-i,j/,d-0 7^ 0- Now 
Cy-iCy e 7i/ hence d e Wi and '^&{d){hl-i y ,i-i) 7^ 0. Thus, a/(d~^) > a(d~^). 
The reverse inequality is obvious hence a/((i) = a((i). We see that ly-i y d ^ ^■ 
By P8 we see that y ~/: d (relative to Wj) and y ~£ d (relative to W). From P4 
we deduce that ai(y) = ai{d) and a(y) = a{d). It follows that a(y) = ai{y). 

14.13. 14.3,P2,P3,P4,P6,P8 ^ P13. If x G F then, by P3, there exists deV 
such that 7a;-i,a;,d 7^ 0- By P8 we have x ~£ d^^ hence d~^ G F. By P6, we 
have d = d~^ hence d E T. It remains to prove the uniqueness of d. Let d', d" 
be elements of X> n F. We must prove that d' = d". We can find x' ,y' ,x" ,y" 
such that 7x',y',d' 7^ 0, '^x".y".d" 7^ 0. By P2, we have x' = y'~^^x" = y"~^. By 
PS, we have y' ~£ (/'"^ = rf' and y" d"~^ = d", hence y',y" G F. By the 
definition of left cells, we can find a sequence y' — xq, xi, . . . ,Xn — y" such that 
Xj-i £ Xj for j G [l,n]. Since j/' ~£ y", we have Xj G F for all j. For each 
j G — 1] let dj G P be such that 7 -1 ^, ^, ^ 0. Let do = d',dn = d". As 

in the beginning of the proof, we have dj G F for each j. Let j G By P8, 

we have 7^ ^ ^-1 0. Appplying 14.3 to Xj,dj,Xj,Xj-i instead of x,y,z,z', we 

see that there exists u such that 'n'a{xj){hu,dj,Xj-i) 7^ 0. Since Xj-i ~ Xj, we have 
a(xj_i) = a{xj) (see P4), hence 7ra(x^)(/i„,d,.,a;,_i) = 7„,d.,x-_\ 7^ 0- Using P8, we 
deduce 7-1 j. 7^ 0. Using P2 we see that u = x^-i and 7-1 ^ 7^ 0. We 
have also 7^-1 , ^ ^ . ^ 7^ and by the uniqueness in P3, it follows that dj-i — dj. 
Since this holds for j G [1, n], it follows that d' = d" , as required. 

14.14. P6,P13 =^ PI4. By P13, we can find d eV such that z d. Since 
d = d~^ (see P6), it follows that d. Thus, z ~£7^ z~'^. 

14.15. In this subsection we reformulate conjecture P15, assuming that P4,P9, 
PIO hold. Let A = Z[v,v~^,v\v'~^] where v^v' are indeterminates. Let H be 
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the free ^-module with basis ew{w e W). Let {H' ,c'^,h'^^y^z) obtained from 
{Ti.,Cw,hx,y,z) by changing the variable v to v' . In particular, h'y. y .^ G Ti[v' ,v'~^]. 

On 7i we have a left "^^-module structure given by v'^CyCyj = v^hy^w^^^x 
and a right Ti'-module structure defined by ew{v''^Cy) = J2x'^'^^w,y,x^x- These 
module structures do not commute in general. For each a > let 7i>a be the 
^-submodule of H spanned by {e^t,|a(«)) > a}. By P4, this is a left Ti-submodule 
and a right Ti'-submodule of H. We have 

• • •^>2 C ?i>i C Ti-yo = 7i 
and grTi. = ©a>o^>a/^>a+i inherits a left 7i-module structure and a right H'- 
module structure from H. Clearly, P15 is equivalent to the condition that these 
module stuctures on grH commute. To check this last condition, it is enough 
to check that the actions of Cs,Cg, commute on grTi whenever s,s' G S. Let 
s, s' & S,w E W. A computation using 6.6, 6.7, 8.2 shows that (cse«,)c^, — Cs(e«,Cs') 
is if stu < or ws' < w, while if sw > w, ws' > w, it is 

ihw,s',y{'"s + Vg^) - hs,w,y Q-yCy 
y;sy<y,ys'<y y;sy<y,ys'<y 

where 

Oiy = ^w,s',y'^s,y',y ~ hs,w ,y'hyi ^gi 

y';y's'<y'<sy' y';sy'<y'<y's' 

If y satisfies sy < y, ys' < y and either h'^ g, y or hs,w,y is ^ 0, then a(y) > a.{w). 
(We certainly have a.{y) > a.{w) by P4. If we had a{y) = a{w) and hs,w,y then 
by P9 we would have y ~/: w hence TZ{y) — TZ{w) contradicting ys' < y, ws' > w. 
If we had a{y) — a{w) and h'^^^ y ^ then by PIO we would have y w hence 
= L{w) contradicting sy <y,sw > w.) Hence, if sw > w, ws' > w, we have 

{csew)c'g, - Cs{ewc'g,) = ^ ayCy mod 7i:>a(w)+i. 

y;sy<y,ys'<y,a{y)=a{w) 

We see that P15 is equivalent to the following statement. 

(a) If y,w e W, s,s' E S are such that sw > w, ws' > w, sy < y, ys' < y, a{y) = 
a.{w), then 

^^y' iy' s' <y' <sy' ^w,s' ,y'^s,y' ,y = Yly'-sy' <y' <y' s' ^s,w,y'hy, g, y. 

15. Example: the split case 

15.1. In this section we assume that we are in the split case (see 3.1), that W is 
tame and that 

(a) hx,y,z £ N[f,f~-'^] for all x,y,z in W, 

(b) Py,w £ Nfi;"-*^] for all y,w in W. 

It is known that (a),(b) hold automatically in the split case if W is tame, integral. 

Under these assumptions we will show that 14.3 and P1-P3 hold for W, I hence 
all of P1-P14 hold for W, I; we will also show that P15 holds. 

A reference for this section is [L4]. 
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15.2. Proof of PI. The weaker inequality a.{z) < l{z) was first proved in [L3] for 
finite W and then for general W by Springer (unpublished). The present argument 
was inspired by Springer's argument. 

From 14.5(a) we see that for x, y e we have 

(a) h^,y,zPi,z e z[w-^]. 

Prom 15.1(a), (b) we see that hx,y,zPi,z £ N[f,f ^] for any z. Hence in (a) there 
are no cancellations, so that 

(b) hx,y,zPi,z e N[v~'^] for any z. 

We now fix z and choose x, y so that 7x,y,2-i 7^ 0. From the definitions we have 

(c) ^x,y,zPi,2 £ 7x,y,z-i'^z'f^^'-^-'~'^*-^'' + strictly smaller powers of v 

and the coefficient of is yi^ 0. Comparing with (b) we deduce that 

a{z) - A{z) < 0. 

15.3. Proof of P2. Assume that x ^ . From 14.5(a) we see that 

(a) T.Z hx,y,zPi,z e v-^Z[v-^]. 

As in 15.2, this implies (using 15. 1(a), (b)) that 

(b) hx,y,zPi,z e v-^N[t;-i] for any z. 

Assume now that z = eV. The equality 15.2(c) becomes in our case 

K,y,zPl,z e 7x,y,2-l?^2 +W"^Z[t)-^]. 

Comparing with (b) we deduce that ^x,y,z-'^''T'z = 0. Since ^ 0, we have 
7x,y,z-i = 0. This proves P2. 

15.4. Proof of P3. From 14.5(a) we see that 

(a) E.Vi,y,.Pi,. ei + ^-iz[^-i]. 

As in 15.2, this implies (using 15.1(a),(b)) that there is a unique 2;, say z = d ^ 
such that 

(b) e 1 + 'f;-iN['i;-^] 
and that 

(c) /iy-i,y,^Pi,2 e •y-^N['i;-i] 

for all z 7^ d~^. For z = d~^, the equality 15.2(c) becomes 

hy-i,y,d-ipi,d-i e ly-'^,y,di^d-'^f^^^^^~^^^^ + strictly smaller powers of v. 
Here a.{d) — A{d) < 0. Comparing with (b) we deduce that a{d) — A((i) = and 
7^-1^ ^71(^-1 = 1. Thus, d eV and ^y-i^y^d 0- Thus, the existence part of P3 is 
established. 

Assume that there exists d' ^ d such that d' e V and ^y-^^y^d' 7^ 0- For z = d'~^ 
the equality 15.2(c) becomes 

hy-\y,d'-iPi,d'-^ e 7y-\y,d'nd'-^ + v~'^Z[v~'^]. 
Comparing with (c) (with z = d'~^) we deduce that 7y-i,y,d'''^(i'-i = hence 
ly-^,y,d' = 0, a contradiction. This proves the uniqueness part of P3. 

15.5. Proof of 14.3. We may assume that z' ^ z. Then we can find s ^ S such 
that sz' < z' , sz > z and hs,z,z' 7^ 0. Since /ix,y,z 7^ 0, we have (by 13.1(d)) z <-ji x 
hence C{x) C C{z) (by 8.6). Since s ^ >C(2), we have s ^ >C(x), that is, sx > x. 
We have CsCxCy = Y^^PuCu, where 
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Pu ^x,y,whs,w,u ^^x' ^s,x,x' hx' ,y,u- 

In particular, 

Pz' = hx,y,whs,w,z' = hx,y,zhs,z,z' + X^^^j^j^^ ^a;,y,w^s,w,2' • 

By 6.5, we have hs^z,z' ^ Z hence, taking 

(a) TTniPz'^ T^ni^hx .z^hg ^z ,z' ~\~ ^ y^n-.,,i-/^ (^x.t/.w ^s.to.z' ) • 

for any n G Z. In particular, this holds for n = a(2;). By assumption, we have 
T^n{K,y,z) 7^ and hs,z,z' 7^ 0; hence, by 15.1(a), we have 'Kn{hx,y,z) > and 
hs,z,z' > 0. Again, by 15.1(a) we have T^n{hx,y,whs,w,z') > for any w ^ z. Hence 
from (a) we deduce 7Tn{pz') > 0. Since pz' = J2x' ^s,^,^'^^' ^y,^' ^ there exists x' 
such that iTn{hs,x,x'hx' ,y,z') 7^ 0. Since sx > x, we see from 6.5 that hs,x,x' G Z 
hence 

'^n{hs^x,x'hx' ,y,z'^ — hs,x,x''^n{hx' ,y,z'\ 

Thus we have 7rn{hx',y,z') 0- This proves 14.3 in our case. 

15.6. Since 14.3 and P1-P3 are known, we see that Pl-Pll and P13,P14 hold in 
our case (see §14). The same arguments can be applied to Wj where / C W, hence 
Pl-Pll and P13,P14 hold for Wi. By 14.12, P12 holds for W. Thus, P1-P14 hold 
for W. 

15.7. Proof of P15. By 14.15, we see that it is enough to prove 14.15(a). Let 

y,w,s,s' be as in 14.15(a). In our case, by 6.5, the equation in 14.15(a) involves 
only integers, hence it is enough to prove it after specializing v = v' . If in 14.15 
we specialize v — v' , then the left and right module structures in 14.15 clearly 
commute, since the left and right regular representations of Ti. commute. Hence 
the coefficient of Cy in ((cse„)Cg, — Cs{eu,Cs'))v=v' is 0. By the computation in 
14.15, this coefficient is 
(a) 

{hw,s',y — hs,w,y){v + V ) + hyj^s' ,y'ha,y' ,y — hs,w,y'hy' ,y — Q 

y' y' 

y's'<y'<sy' sy' <y' <y' s' 

By 6.5, hs,w,y is the coefficient of in Py^^ and h^^s',y = ^s',w-i,y-i is the 
coefficient of in Py-i^w-^ — Py,w Thus, hs,w,y — hw,s',y and (a) reduces to the 
equation in 14.15(a) (specialized at v = v'). This proves 14.15(a). 

16. Example: the quasisplit case 

16.1. Let {W , S) be a Coxeter group and let cr : — > I^ be an automorphism of 
finite order of W which restricts to a permutation of S such that any cr-orbit on 
S generates a finite subgroup of W . Assume also that the following condition is 
satisfied: if s, s' G and A; G N are such that ms,s' > 4 and maps {s, s'} into 
itself then cr'^{s) = s,a^{s') = s' . 

Let W'^ — {w E W\a{w) — w}. For any cr-orbit o on S, we set Sq — Wq E W'^ . 
The elements Sq for various o as above form a subset Sa of . 
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Lemma 16.2. {W'^jS^^) is a Coxeter group and the restriction to W'^ of the 
length function I : W ^ N is a weight function L : N. 

We omit the proof. 

16.3. In this section we assume that W is tame, {W, S) is the Coxeter group 
{W"',Sa) and that L : W ^ N is as in 16.2. We then say that we are in the 
quasisplit case. 

We denote hx,y,ziPx,y^ ^(-2), lx,y,zi ^ defined in terms of VF, I by 
Px,y, a(2), 7i,y,z, A{z),V. 
We shall assume that the following holds. 

(a) For any x,y, z & W and any integer n there exists a Q-vector space V^^y^^ 

such that hx,y,z = /^^^ ^^^2/ x,y &W and any integer n < there 

exists a Q-vector space V^^y such thatpx,y = X]^<;o dim V^^^v"'. 

In other words, {W, I) satisfies the requirements of 15.1. We shall further assume 
that the following holds. 

(b) For any x,y,z G W and any integer n, V^^y^^ carries a linear transfor- 
mation a of finite order and hx,y,z — ^^("^j ^x^y,«)'^"^' /'^'^ ^^^2/ x,y E W and 
any integer n < 0, V^y carries a linear transformation a of finite order and 

It is known that this is automatically satisfied if W is tame, integral. 
We deduce that (c)-(f) below hold: 

(c) lix,y,zeW,neZ and Tin{hx,y,z) 7^ then Hn{hx,y,z) 7^ 0. 

(d) If x,y eW,n eZ and Tin{Px^y) 7^ then 7Tn{Px,y) ^ 0. 

(e) If x,y,z e W,n e Z and TXn{hx,y,z) = ±1 then 'nn{hx,y,z) = ±1- 

(f) \i x,y eW,n eZ and 'Kn{Px,y) = ±1 then 7rniPx,y) = ±1- 

16.4. By our assumptions, the results of §15 are applicable to W, I. Under the 
assumptions above, we will show that 14.3 and P1-P3 hold for W, L hence all of 
P1-P14 hold for W,L. 

Lemma 16.5. For z eW we have a.{z) = a.{z) and ^(z) < /^{z). 

We can find x,y E W such that 7ra(2)(/ia;,y,2) 7^ 0. By 16.3(c) we have 
'^sL(z){hx,y,z) 7^ 0. Hence a.{z) < ai{z). By P3,P5 for W, there is a unique d E T> 
such that 7;2-i,2,(i = il- The uniqueness of d implies that d is fixed by a. Thus 
d G W. By P7 for we have jz,d,z~'^ = il- Hence 7Ta(z){hz,d,z) = ±1- By 
16.3(e), we have 'n^f^z){hz,d,z) — ±1- Hence a(^) < cn.{z) so that 3.(2) = 3t.{z). 

By definition, we have t^-/\(z){pi,z) 7^ 0. Using 16.3(d), we deduce that 
'^-A(2)(Pi,z) 7^ 0. Hence — A(^) < —K{z). The lemma is proved. 

Lemma 16.6. V = T)nW. 

Let dev. We have a.{d) = A{d). Using 16.5, we deduce a(rf) = A{d). By 
PI for wc have a.{d) < A{d). Hence A{d) < A{d). Using 16.5, we deduce 
A{d) = A{d) so that A{d) = a.{d) and deV. 
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Conversely, let d e f> r\ W. We have a.{d) = A.{d). Using 16.5 we deduce 
a((i) = A{d). By P5 for W, we have 7i'_A(d)(Pi,d) = Using 16.3(f) we deduce 
^-A(d)(^^i,d) = ±1- Hence -A{d) < -A(d). Using 16.5 we deduce A(d) = A(d) 
so that A{d) = a.{d) and d eT>. The lemma is proved. 

Lemma 16.7. (a) Let x,y, z & W be such that ^x,y,z 0- Then ^x,y,z 7^ 0. 
(h) Let x,y, z & W be such that %,y,z = ±1. Then ^x,y,z = il- 

In the setup of (a) we have 7rg^(^z-^){hx,y,z-'^) 0- Using 16.5 we deduce that 
7''a(«-i)(^a;,?/,2-i) 7^ 0. Using 16.3(c), we deduce that 7ra(^-i)(/ia;,j/,2;-i) 0- Hence 
lx,y,z 0. 

In the setup of (b) we have 7ra(2-i)(^x,j/,z-i) = =tl- Using 16.5, we deduce 
7''a(2-i)(^a:,2/,2-i) = =tl- Using 16.3(e), we deduce 7ra(2-i)(/ix,j/,2-i) = il- Hence 

lx,y,z = ±1. 

16.8. Prooj of PI. By 16.5 and PI for W, we have a(^) = a(^) < A{z) < A{z), 
hence aL{z) < A{z). 

16.9. Proof of P2. In the setup of P2, we have (by 16.7) %^y^d ^ and d e V 
(see 16.6). Using P2 for W, we deduce x = y~^. 

16.10. Proof of P3. Let y G W. By P3 for W, there is a unique d eV such that 
ly-^,y,d 7^ 0. By the uniqueness of d, we have cr(d) = d hence d G VF. Using P5 for 
W, we see that ^y-i^y^d — il- Using 16.7, we deduce Jy-i^y^a — il- Since d & V 
by 16.6, the existence part of P3 is established. Assume now that d' E T> satisfies 
ly-^,y,d' 0- Using 16.7, we deduce ^y-i^y^d' 0- Since d' & V by 16.6, we can 
use the uniqueness in P3 for W to deduce that d = d'. Thus P3 holds for W. 

16.11. Proof of P4- We may assume that there exists s E S such that hs,z,z' 
or hz,s,z' 7^ 0. In the first case, using 16.3(c), we deduce hs,z,z' 0- Hence z' <c z 
(in W) and using P4 for W, we deduce that ai{z') > 3i{z). Using now 16.5, we see 
that ai{z') > ai{z). The proof in the second case is entirely similar. 

16.12. Now P5 is proved as in 14.5; P6 is proved as in 14.6; P7 is proved as in 
14.7; P8 is proved as in 14.8; P12 is proved as in 14.12. 

16.13. Proof of P13. If z' <— £ z in W, then there exists s G 5 such that hs,z,z' 
hence, by 16.3(c), hs,z,z' 7^ 0, hence z' <jr z in W. It follows that 

(a) z' <c z (in W) implies z' <c z (in W). 
Hence 

(b) z' ~£ z (in W) implies z' ~£ z (in W). 

Thus any left cell of W is contained in a left cell of W. 

In the setup of P13, let F be the left cell of W containing F. Let x G F. By P3 
for VF, there exists d E V such that ■yx-'^,x,d 0- By PS for W, we have x ~/: d~^ 
hence d~^ G F. Using P6 we have d — d~^, hence (i G F. It remains to prove the 
uniqueness of d. Let d',d" be elements of I> n F. We must prove that d' = d" . 
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Now d\ d" belong to f and, by 16.6, are in V. Using P13 for W , it follows that 
d' = d". Thus P13 holds for W. 

Lemma 16.14. Let x,y E W. We have x y (in W) if and only if x y (in 
W). 

If X ^cy (in W) then x ~£ y (in W), by 16.13(b). 

Assume now that x ~£ y (in W). Let d,d' eV be such that x ~£ d (in W) 
and y ~£ d' (in W); see P13. By the first line of the proof we have x ~£ d (in 
W) and y ~£ d' (in W). Hence d ~£ d' (in W^). Since d, d' e "D, we deduce (using 
P13 for W) that d = d'. It follows that x ~£ y (in VF). The lemma is proved. 

16.15. Proof of P9. We assume that z' <c z (in W) and ai{z') = sl^z). By 
16.13(a), it follows that z' <c z (in W) and, using 16.5, that ai{z') = a(2;). Using 
now P9 in it follows that z' ~£ z (in W^). Using 16.14, we deduce that z' r^c ^ 
(in W). 

16.16. Now PIO is proved as in 14.10; Pll is proved as in 14.11; P14 is proved 
as in 14.14. 

16.17. Assuming that (M^, S) is tame, integral, P15 can be shown to hold in our 
case. We sketch a proof which is almost (but not entirely) correct. 

The proof of P15 given in 14.15,15.7, can be refined to a proof of the following 

statement: 

For any w^y^x^x' in W and any k there exists a natural isomorphism of vector 
spaces 

®j+j'=k ®y'eW ^w,x',y' ® ^x,y',y ^ ®j+j'=k ®y'eW ^x,w,y' ® ^y',x',y- 

When a.{w) = a(y), this restricts to an isomorphism 

®y'€W^w,x',y' ® ^x,y',y ^ ®y'eW^x,w,y' ® ^y' ,x' ,y 

for any j, f such that j + j' = k. 

Assuming now that to, y, x, x' G and taking traces of a in both sides, we deduce 

X^y'eW ^j'i^w,x' ,y')T^j{hx,y' ,y) = '^y'^W ''^ ji^x ,w ,y')T^ j' {hyi ,x' ,y) 

(the summands corresponding io y' E W — W do not contibute to the trace) or 
equivalently 

'^y'eW^w,x',y'^x,y',y = Sj/'evy ^a;,w,y'^y',x',y ' 

as required. (The actual proof is slightly more complicated since the direct sum 
decompositions are not natural, only certain filtrations attached to them are.) 

17. Example: the infinite dihedral case 

17.1. In this section we preserve the setup of 7.1. We assume that m = oo and 
that L2 > Li. We will show that P1-P15 hold in this case. 

Let C = v^^~^^ -poi a e {1,2}, let fa = v^'' +v~^''. For m, n e Z 

we define drn<n to be 1 if m < n and to be otherwise. 
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17.2. From 7.5, 7.6 we have for all k' e N: 

C1C2,, = ci^,^„ 



Proposition 17.3. For A; > 0, A;' > 1 we have 

(a) C22k+iC2k, = f2 J2ue[0,k]-M<k'-1 ^^2k+k'-iu' 



Assume that = 0. Using 17.2 we have C2C2^, = f2C2^,- 

Assume now that k = 1. Using 17.2, we have C23 = C2C1C2 — (02- Using this 
and 17.2, we have 

C23C2^, = C2CiC2C2^, - (^202,^, = /2C2Ci^,^^ - /2Cc2fc, 

= /2C2fc,_^2 + /2Cc2fc/ + (^fe'>2/2C2fc,_2 " /2Cc2fc, = /2C2fc,_^2 + ^k'>2f2C2i^,_^, 

as required. We prove the equality in (a) for fixed k' , by induction on k. The 
cases A; = 0, 1 are already known. If A; = 2 then using 17.2, we have C2^ = 
C2C1C23 — Cc23 — C2i. Using this, 17.2, and the induction hypothesis, we have 

C25C2^^, = C2CiC2,^C2^, - C,C2,,C2^, - C2^C2^, 

= f2C2ClC2^,^^ + 6k'>2f2C2ClC2y_^ - Cf2C2y^^ " ^k' >2C, f2C2y - f2C2y 

= /2C2Cl^,^3 + 4'>2/2C2Cl^,_^ - Cf2C2^,^^ - ^k' >2C f2C2y " /2C2j^, 

= /2C2fe,+4 + /2CC2fe,+2 + /2C2j^, + ^k'>2f2C2^, + ^k'>2f2CC2^,_^ + 4'>4/2C2j^,_4 

- C/2C2fe,+2 ~ ^k'>2Cf2C2^,_2 " /2C2j^, = f2C2^,_^_^ + 5k>>2f2C2y + 5fc'>4/2C2^,,_4 , 

as required. A similar argument applies for > 3. This proves (a). 

(b) is obtained by multiplying both sides of (a) by ci on the left. The proposition 
is proved. 

Proposition 17.4. For k > 0, k' > 1, we have 

u6[0,2fc + 2] P''^^'^k' +2k + l-2u ' 

u6[0,2A;+2] ^''"'^lfc'+2fe+2-2« ' 



(g) CliClk' = /iClfc,; 

where 

PO = 1? P2k+2 = ^k'>2k+3, 

Pu = Sk'>uC /or w = 1, 3, 5, 2A; + 1, 

Pu = Sk'>u-i + Sk'>u+i /or u = 2, 4, 6, . . . , 2A;. 

We prove (a). For A; = the equality in (a) is C2C1., = C2, , , , + Sk'>iCc2^, , + 
<^A:'>3C2j,,_3 which is contained in 17.2. Assume now that A; = 1. Using C23 = 



(e) C22fe+2Ci,, 

(f) ci^k+sCie 



(c) Ci-iC22fc+i 
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C2C1C2 — Cc2 and 17.2, we have 

C23Clfe, = C2CiC2Ci^, - CC2C1^, = C2CiC2^,_^, + 4'>lCC2ClC2^^,_^ + 5fc'>3C2CiC2^,_3 
- Cc2fc,+i - (^fc'>lC^C2^,_^ - 4'>3Cc2j^,_3 = C2Cl^,^2 + <^fc'>lCc2Cl^, 
+ (^fc'>3C2Cl,,_2 - CC2,,+1 - Sk'>lC'^C2^,_, - Sk'>3Cc2y_, 

= C2fc,+3 + Cc2fc,+i + (^fc'>lC2j^,_i + (^/c'>lCc2fc, + i + (^fc'>lC^C2^,_^ + 4'>3Cc2fc,_3 

+ <^fc'>3C2j^,_i + (^fc'>3Cc2fe,_3 + h'>5C2^,_s " Cc2fc,+i " (^fe'>lC^C2^,_^ - (^fc'>3Cc2fc,_3 

= C2fc,_^3 + (^fc'>lCc2fc, + i + ((^fc'>l + <^fc'>3)c2j^,_i + (^fc'>3Cc2fc,_3 + (^fc'>5C2fc,_5 , | 

as required. 

We prove the equahty in (a) for fixed k', by induction on k. The cases A; = 0, 1 
are aheady known. Assume now that k = 2. Using C25 = C2C1C23 — CC23 — C2i, 
17.2, and the case /c = 1, we have 

C25Cl^, = C2CiC23Ci^, - CC23C1^, - C2iCi^, 

= C2CiC2j^,^3 + (^fe'>lCc2CiC2^,^^ + (5a;'>1 + (^/c'>3)c2ClC2j^,_^ + (^/c'>3Cc2ClC2^^,_3 
+ (^fc'>5C2ClC2j^,_g - Cc2fe,+3 - h'>lC^C2^,^^ - (4'>1 + 4'>3)Cc2fc,_i 

- '^fc'>3C^C2j^,_3 - 5A;'>5Cc2fe,_5 " C2j^,^i - 5fc'>iCc2j^,_-^ - 5fc'>3C2^,_3 
= C2Ci^,^^ + 4'>lCC2Cl^,_^2 + (4'>1 + 4'>3)C2C1^, + 4'>3CC2Cl^,_2 
+ 5fc/>5C2Ci^,__j - Cc2^/+3 - 5fc'>lC^C2^,_^^ - (5a;'>1 + 4'>3)Cc2fe,_i 

- (^fc'>3C^C2,,_3 - 4'>5Cc2fe,_5 - C2,,^, - 4'>lCc2fe,_i - 4'>3C2,,^3 

= C2,,+5 + Cc2,,+3 + C2,,^, + 5fc'>lCc2,,+3 + 4'>lC^C2,,^, + 5fc'>lCc2,,_i 

+ {Sk'>l + (^A;'>3)c2fc,+i + ((^fc'>l + (^fc'>3)Cc2fc,_i + 25fc'>3C2^,_3 + Sk'>3Cc2^,_^ 

+ <^/c'>3C^C2^^,_3 + (^fc'>5Cc2fc/_5 + Sk'>5C2f^,_3 + Sk'>5Cc2^,_^ + 5k'>7C2^,_j 

~ Cc2fc,+3 - (^fc'>lC^C2^,_^^ - {5k'>l + (^fc'>3)Cc2fe,_i - (^fe'>3C^C2^,_3 - (^fc'>5Cc2fc,_5 

- C2fe,+i - h'>lCc2^,_^ - Sk'>3C2^,_s 

= C2,,+5 + (^fe'>lCc2fe,+3 + ((^fc'>l + (^fc'>3)c2,,+i + (^fe'>3C2,,_3 + Sk'>3Cc2^,_, 

+ (^fe'>5C2fe,_3 + (^fe'>5Cc2fe,_5 + 5k'>7C2y_^ 

= C2,,+5 + 4'>lCc2fe,+3 + ((^fe'>l + (^fc'>3)c2,,+i 

+ 4'>3Cc2fe,_i + (4'>3 + 4'>5)c2fe,_3 + 4'>5Cc2fc,_g + 5a;'>7C2^,_7. 

A similar argument apphes for k > 4. This proves (a). 

(b) is obtained by multiplying both sides of (a) by ci on the left. (c),(d) are 
obtained by applying the involution in 3.4 to both sides of (a),(b). We prove (e). 
We have 

C22fe+2Clfe, = C22fc+iClCi^, = /lC22fe + iCi^, 

and the last expression can be computed from (a). This proves (e). Similarly, (f) 
follows from (b); (g) is a special case of 6.6. The proposition is proved. 
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17.5. From 7.4,7.6 we see that the function A : ^ N has the following values: 
A(22fc) = kLi + kL2, 
A(22fc+i) = -kLi + {k+ 1)L2, 
A(li) = Li, 

A(l2fc+i) = (/c - l)Li + kL2, if A; > 1, 
A(l2fc) = kLi + kL2. 

It follows that PI holds and that T> consists of the involutions 2o = lo, 2i, li, I3. 
Thus, P6 holds. 

The formulas in 17.3, 17.4 determine hx,y,z for all x,y,z except when x = 1 or 
2/ = 1, in which case hi^y^^ — Sy^^, hx,\,z = ^x,z- From these formulas we see that 
the triples (a;, d) with d eV, jx,y,d 7^ are: 

(22fe+l5 22fc+l, 2i), (l2fc+2, 22fc+2, 13)5 (lljll,!!), 

(1; (22A;+2, ^2k+2, 2i),(l2fc+3, l2fc+3, I3), 

where k > 0. This implies that P2,P3 hold. From the results in 8.8 we see that 
P4,P9,P13 hold. From 14.5 we see that P5 holds. From 14.7 we see that P7 holds. 
Prom 14.8 we see that P8 holds. Prom 14.10 we see that PIO holds. Prom 14.11 
we see that Pll holds. Prom 14.12 we see that P12 holds. Prom 14.14 we see that 
P14 holds. 

We now verify P15 in our case. With the notation in 14.15, it is enough to show 
that, if a, 6 e {1, 2}, w G W, SaW > w, wsb > w, then 

Here = c^^, = c^^. If a or 6 is 1, then from 17.2 we have (caeu;)c^ — Ca(e-u,c^) = 
0. Hence we may assume that a = b = 2 and w = l2fc+i- Using 17.2 we have 

C2{ei^k+,C2) = C2(ei,,^, + 4>o)C'ei2fe + Sk>iei^k_^ 
= e22fe+3 + Ce22fe+i + Sk>oe22k-i + 4>oC'e22fc+i + 4>oCC'e22fe-i 
+ 4>iC'e22fc_3 + 4>ie22fe_i + 4>iCe22fc_3 + 4>2e22fe_5 
= e22fe+3 + Ce22fe+i + 4>oC'e22fe+i + 4>oe22fc_i + 4>ie22fe_i 
+ 5fc>oCC'e22fe_i + 4>i(C + C')e22fe_3 + 5fc>2e22fc_5- 

Similarly, 

(C2ei2;,+Jc'2 = 622^+3 + C'e22fe+i + Sk>oCe22k+i + Sk>o)e22k-i + h>ie22k-i 
+ (^fc>oCC'e22fc-i + <^fe>i(C + C')e22fc_3 + <^fe>2e22fe_5- 
Hence 

C2(ei2fc+i4) - (C2ei2,+J4 = (C - C')(l - 4>o)e22fe+i- 
If A; > 0, the right hand side is zero. Thus we may assume that k = 0. In this 
case, 

C2(eiiC2) - (C2eijc2 = (C - C')e2i- 
We have a(li) = Li < L2 — a(2i). This completes the verification of P15 in our 
case. 
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18. The ring J 

18.1. In this section we assume that W is tame and that P1-P15 in are valid. 
A reference for this section is [L4]. 

Theorem 18.2. (a) W has only finitely many left cells, 
(h) W has only finitely many right cells. 

(c) W has only finitely many two-sided cells. 

(d) V is a finite set. 

We prove (a). Since cl{w) is bounded above it is enough to show that, for any 
a G N, a~^(a) is a union of finitely many left cells. By P4, a~^(a) is a union of 
left cells. Let IH} be the Z-algebra Z ®^ Ti where Z is regarded as an ^-algebra 
via f I— > 1. We write Cw instead of 1 ® c^,. For any a' > let be the subgroup 
of a} spanned by {c^|a(t(;) > a'} (a two-sided ideal of V} , by P4). We have a 
direct sum decomposition 

(e) nijni,^, = ®rEr 

where F runs over the left cells contained in a~^(a) and Ey is generated as a 
group by the images of Ci^,w e F; these images form a Z-basis of Et- Now 
^>a/^>a+i inherits a left T^-'^-module structure from Ti} and (by P9) each Er 
is a T^-'^-submodule. Since W is tame, there exists a finitely generated abelian 
subgroup Wi of finite index of W. Now Ti} — Z[W] contains Z[VFi] as a subring. 
Since T^>a/T^>a+i ^ subquotient of (a finitely generated Z[VFi]-module) 
and Z[VFi] is a nocthcrian ring, it follows that '^>a/^>a+i is a finitely generated 
-module. Hence in the direct sum decomposition (e) with only non-zero 
summands, the number of summands must be finite. This proves (a) . 

Since any right cell is of the form F"-*^ where F is a left cell, we see that (b) 
follows from (a). Since any two-sided cell is a union of left cells, we see that (c) 
follows from (a). From P16 we see that (d) follows from (a). The theorem is 
proved. 

18.3. Let J be the free abelian group with basis {tyj)wew- We define 

z&W 

The sum is finite since ''ix,y,z-^ =^ ^x,y,z 7^ and this implies that z runs 
through a finite set (for fixed a;, y). We show that this defines an (associative) ring 
structure on J. We must check the identity 

(<^) ^ ^j ^x,y,z~'^^z,u,u'~'^ ^ ^ Tj/,M,w~^Ta:,w,M'~^ 

z w 

for any x,y,u,u' G W. From P8,P4 we see that both sides of (a) are unless 

(b) a(a;) = a.{y) — a(u) = a(u') = a 
for some a G N. Hence we may assume that (b) holds. By P8,P4, in the first sum 
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in (a) we may assume that a{z) ~ a and in the second sum in (a) we may assume 
that a.{w) = a. The equation {cxCy)cu = Cx{cyCu) in Ti. imphes 

z w 

If hx,y,zhz,u,u' 7^ then u' <-ti z <-ti x hence, by P4, a{u') > a{z) > a{x) and 
a{z) — a. Hence in the first sum in (c) we may assume that a{z) — a. Similarly 
in the second sum in (c) we may assume that a{w) = a. Taking the coefficient of 
^;2a(2) both sides of (c) we find (a). 

The ring J has a unit element '^^^jyiT'dtd- Here Ud = ±1 is as in 14.1(a), see 
P5. (The sum is well defined by 18.2(d).) Let us check that tx^^^d = tx for 
X e W. This is equivalent to the identity 'Ylid'^dlx,d,z-^ = ^z,x- By P7 this is 
equivalent to ?T'd72-i,a;,d = Sz,x- This follows from P2,P3,P5. The equahty 
i'^d^d)tx = tx is checked in a similar way. 

For any subset X of VF, let J-^ be the subgroup of J generated by {tx\x E X}. 
If c is a two-sided cell of W, L then, by P8, is a subring of J and J = ©c-'^'^ is 
a direct sum decomposition of J as a ring. The unit element of J*^ is J2devnc^d- 
Similar lym if F is a left cell of W, L then J^^^ is a subring of J with unit element 
td where deVnT. 

Proposition 18.4. Assume that we are in the setup of 15.1. Let x,y G W. 

(a) The condition x ~£ y is equivalent to the condition that txty-i ^ and to 
the condition that, for some u, ty appears with ^ coefficient in tutx- 

(h) The condition x y is equivalent to the condition that tx-ity ^ and to 
the condition that, for some u, ty appears with ^ coefficient in txtu- 

(c) The condition x ^cn V is equivalent to the condition that txtuty ^ for 
some u and to the condition that, for some u, u' , ty appears with ^ coefficient 

in ty^'txtu . 

Let J+ = E^Ntz. By 15.1(a) we have J+J+ C J+. 

We prove (a). The second condition is equivalent to ^x,y-^,u for some u; 
the third condition is equivalent to ^x,u,y-^ foi" some u. These conditions are 
equivalent by P7. 

Assume that ^x,y-^,u for some u. Using PS we deduce that x r^c U- 
Assume now that x ~£ y. Let d E T> he such that x ~£ d. Then we have also 

y d. By P13 we have -fx-\xA ^ 0, 7y-i,y,d ^ 0. Hence ^x-^,x,d = ^:ly-\y,d = 
1. Hence tx-itx E td + , ty-ity E td + ■ Since tdtd — td, it follows that 
tx-^txty-ity e tdtd + = + ■ In particular, txty-i ^ 0. This proves (a). 
The proof of (b) is entirely similar. 

We prove (c). Using the associativity of J we see that the third condition on a;, y 
is a transitive relation on W. Hence to prove that the first condition implies the 
third condition we may assume that either x ~£ y or x y, in which case this 
follows from (a) or (b) . The fact that the third condition implies the first condition 
also follows from (a),(b). Thus the first and third condition are equivalent. 
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Assume that txtuty 7^ for some u. By (a),(b) we then have x ~£ u ^ r^-jz 
y. Hence x r^cn V- 

Conversely, assume that x '^cn V- Using P14 we deduce that x ^cn y~^- By 
the earUer part of the proof, ty-i appears with 7^ coefficient in tu'txtu for some 
u,u'. We have tu'txtu G aty-i + J"*" where a > 0. Hence tu'txtuty G aty-ity + J"*". 
Since ty-ity has a coefficient 1 and the other coefficients are > 0, it folows that 
tu'txtuty 7^ 0. Thus, txtuty 7^ 0. Wc scc that the first and second conditions are 
equivalent. The proposition is proved. 

18.5. Assume now that we are in the setup of 7.1 with m = oo and L2 > Li. 
From the formulas in 17.3,17.4 we can determine the multiplication table of J. We 



find 










t22k+it2^k 


+ 1 




to 

■^2k+2k' + l 


— 4u 


^l2fe+3^l2fc 


+3 




^^2k+2k'+3 


— 4u 




+ 2 




^22fe+2fc'+2 


— 4u 


^l2fe+3^l2fc 


+ 2 




^l2fe+2fe'+2 


— 4u 


^22fe+2^l2fe 


+3 


— 'l2ue[o,k] 


^2fe+2fe'+2 


-4u 


^22fe+2^l2fe 


+2 


— Ylue[o,k] 


^22fe+2fe'+l 


— 4u 


^l2fc+2^22fc 


+ 1 


— '^uelo,k] 


^l2fc+2fc'+2 


— 4xi 


^l2fc+2^22fc 


+2 


— X]ue[o,fe] 


^l2fc+2fc'+3 


-4u 


^ll^ll = t 











tltl — tl] 

here k,k' > and A; = min(/c, /c'). All other products are 0. 

Let R be the free abelian group with basis {bk)ke'N- We regard as a commu- 
tative ring with multiplication 

bkbk' = Swe[0,min(/c,fc')] ^k+k'-2u- 

Let Jo = ^wew-{i ii} ^'^^^^ '^^^ formulas above show that J — Jq® Zti © Zti^ 
(direct sum of rings) and that the ring Jq is isomorphic to the ring of 2 x 2 matrices 
with entries in R, via the isomorphism defined by: 

+ f bk 0\ , f ^ ^ \ + f bk\ + f 

I22fc + 1 ^[00]^ ^l2fe+3 ^ \ObkJ ' ^'^2k+2 ^ \q ) ^ ^l2k+2 ^ \bu Q 

Note that R is canonically isomorphic to the representation ring of SL2{C) with 
its canonical basis consisting of irreducible representations. 

18.6. Assume that we are in the setup of 7.1 with m = 00 and L2 = Li. By 
methods similar (but simpler) to those of §17 and 18.5, we find 

^22fc+i^22j./_,_i — X]ue[0,2min(A;,fc')] ^22fe+2fe'+i-2u " 

Let be the subring of J generated by ^22*;+! , G N. While, in 18.5, the analogue 
of was isomorphic to as a ring with basis, in the present case, is canonically 
isomorphic to R' , the subgroup of R generated by with k even. (Note that R' 
is a subring of R, naturally isomorphic to the representation ring of PGL2{C).) 
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18.7. In the setup of 7.1 with m = 4 and L2 = 2, Li = 1 (a special case of the 
situation in §15), we have 

J = Zti © Zti, © Jo © Zt23 © Zt24 

(direct sum of rings) where Jq is the subgroup of J generated by t2i, 5^12 5^13 • 
The ring Jq is isomorphic to the ring of 2 x 2 matrices with entries in Z, via the 
isomorphism defined by: 

Moreover, 1^,^24 are idempotent. On the other hand, 
^23^23 = -^23- 

Notice the minus sign! (It is a special case of the computation in ....) 

18.8. For any 2; e we set = rid where d is the unique element of V such 
that d ~£ and rid = il is as in 14.1(a), see P5. Note that fig is constant 
on right cells. 

Theorem 18.9. Let Jj^ = A® J and let cj) : Ti ^ J he the A-linear map given 
by 

0(4) = J2zeW,deV;a{d)=a{z) hx,d,z'nztz 

for all X G W. Then (/) is a homomorphism of A- algebras with 1. 
Consider the equality 

(see P15) with a(a;2) = a(j/) = a. In the left hand side we may assume that 
y <7^ w <c X2 hence (by P4) a(y) > a{w) > a(x2), hence a{w) = a. Similarly in 
the right hand side we may assume that a.{w) = a. Picking the coefficient of v'"' 
in both sides of (a) gives 

(t*) ^a;i, 0:2, w7w, 0:3,2/-! ~ ^a:i,TO,y7x2,a;3,w"! ■ 

Let x,x' e W. The desired identity </>(cJ.c^,) = 0(cj.)0(c!|,,) is equivalent to 

^ ] hx,x' ,whw,d,u'f^u — ^ ] hx^d,zhx' ,d' ,z'lfz,z' ,u~^'^z'^z' 

wew^eT) z,z'ew,d,d'ev 

a(d)=a' a(d)=a(z) 

a(d')=a(^') 

for any u eW such that a.{u) = a'. In the right hand we may assume that 

a.{d) = a.{z) = B.{d') = ai{z') = a' and hg = fiu 
(by P8,P4). Hence the right hand side can be rewritten (using (b)): 

hx',d',z' ^ h^,d,zlz,z',i 
z'€W,d,d'€V z;aL(z)=a' 
a(d)=a(d')=a(z')=o' 



^ ] hx',d',z' ^ ] hx,'w,u1d,z' 



iriuriz'- 



z'eW,d,d'eT> w;a(w)=o' 
a(d)=a(d')=a(2')=a' 
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By P2,P3,P5, this equals 

^ ^ hx' ,d' ,z'hx,z' juff'u 

z'€W,d'&'D;aL{d')=a.{z')=a' 

which by the identity {cxCx')cd' = Cx{cx'Cd') equals 

^ ] hx,x' ,whw,d' ,uf^u- 

w€W,d'€V;a.{d')=a' 

Thus (f) is compatible with multiplication. 

Next we show that (f) is compatible with the unit elements of the two algebras. 
An equivalent statement is that for any z & W such that aL{z) = a, the sum 
J2dev-a{d)=a ^i,d,«^3 cquals Uz ii z & V and is if ^ ^ P. This is clear since 

hi,d,z = Sz,d- 

18.10. If we identify the ^-modules H and via c|„ ^^ fiyjtw, the obvious left 
J^-module structure on J_4 becomes the left J4-module structure on Ti given by 

tx * — 'YIizEW '~^^,w,z-'^'f^wf^zC\ 
Let Ha = ©w;a(w)=a»4c|^,'H>a = ©w;a(w)>a-4c],,. NotC that tx * cl & '^a(w) for aU 

X, w. For any h E TC,w E W we have 

(a) hcl = (j){h) * cl, mod H>a(^„)+i- 
Indeed, we may assume that h — c\.. Using 18.9(b), we have 

</'(4) * d = K,d,zf^ztz * 4 

deTi,z 
a{d)=a{z) 

— ^ ] hx,d,zlfz,w,u-''-'f^zff'wfl'ucli = ^ ] hx,d,z^z,'w,u-'^^w(^u 

dE'D,z,u dET>,z,u 
a.{d)=a.{z) a(d)=a('u;)=a(u) 

— ^ ] hx,t,u^d,w,t-^'^w(^u ~ ^ ] ^a;,w,u7d,w,w-i^uicJt 

d(iXi,t,u d(iXi,u 
a{d)=a{w)=a{u) a(d)=a(u;)=a(ti) 

= ^x,w,uc\ = 4:4, mod ^>a(u;)+l, 

u 

a(u))=a(u) 

as required. 

18.11. Let A — be a ring homomorphism of A into a commutative ring R 
with 1. Let nR = R ®A n,JR = R {J a) = R®J, nR,>a = R®a n>a. Then 
(/) extends to a homomorphism of i?-algebras (^r : TiR — > Jr. The J4-module in 
18.10 extends to a JA-module structure on TIr denoted again by *. From 18.10(a) 

we deduce 

(a) hcl, = (t>R{h) * cl, mod Hfl,>a(«;)+i for any h E Hr,w E W. 
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Proposition 18.12. (a) If N is a bound for W, L , then (ker 4>ii)^~^^ = 0. 

(b) If R = Ro[v,v~^] where Rq is a commutative ring with 1, v is an indeter- 
minate and A ^ R is the obvious ring homomorphism, then ker^^ = 0. 

We prove (a). If /i e ker^jj then by 18.11(a), we have hHR,>a C 'HR,>a+i for 
any a > 0. Applying this repeatedly, we see that, if hi, h2, ■ ■ ■ , /ijv+i £ Ti-, we have 
hih2 . . . ^AT+i G Hr^>n+i = 0. This proves (a). 

We prove (b). Let h = ^r^Pxcl G kercpR where G R. Assume that h ^ 0. 
Then Px ^ for some x. We can find a > such that Px ==^ > a 

and X = {x E W\px ^ 0, a(a;) = a} is non-empty. We can find b E Z such that 
Px G v''Z[v~^] for all a; G X and such that X' = {x E X\7rb{px) 7^ 0} is non-empty. 
Let xq G X'. We can find d E V such that 7^ , -1 = 7^-1 ^ j 7^ 0. We have 

hc\ = ^xPxclcd- If > a, then 44 G 'Hfl,>a+i- Hence /i4 = J^xexP^cUd 
mod Hi?,>a+i- Since (j)R{h) = 0, from 18.11(a) we have hc\ G mod HR,>a+i- 
It follows that Xlxex ^'a^'-l'-d ^ T^R,>a+i- In particular the coefficient of cj,^ in 
Z^xex^'^cJ^Crf is 0. In other words, Y.x£xPxhxAxo = 0- The coefficient of in 
the last sum is 

T^xeX^PxhxAxo' = ^b{Pxohxo,d,x-' 

and this is on the one hand and on the other hand is non-zero since TTbipxo) 7^ 
and 7 a;-i 7^ 0, by the choice of xq, d. This contradiction completes the proof. 



19.1. Let i? be a field and let A be an associative i?-algebra with 1 of finite 
dimension over R. We assume that A is semisimple and split over R and that we 
are given a trace form on A that is, an i?-linear map t : A — > R such that (a, a') = 
T{aa') = T{a'a) is a non-degenerate (symmetric) i?-bilinear form {,)A x A — > R. 
Note that {aa',a") — {a,a'a") for all a, a', a" in A. Let ModA be the category 
whose objects are left ^-modules of finite dimension over R. We write E E IttA 
for " i? is a simple object of ModA" . 

Let (oi)ie/ be an i?-basis of A and let (a^)ie/ be the i?-basis defined by (a^, a'j) = 



(a) tti ^ a[ E A ® A is independent of the choice of (oj). 

Proposition 19.2. (a) We have = 1- 

(b) If E G IrrA, then '^^tr{ai, E)a'j is in the centre of A. It acts on E as a 
scalar fs^R times the identity and on E' G IrrA, not isomorphic to E, as zero. 
Moreover, does not depend on the choice of (oj). 

(c) One can attach uniquely to each E E Irr^ a scalar qe E R (depending only 
on the isomorphism class of E ), so that 

YliE 5'-Eti'(a, E) = T{a) for all a E A, 
where the sum is taken over all E G IrrA up to isomorphism. 

(d) For any E E Irr^ we have fEQE — 1- In particular, fE 0,9e ^ 0. 



19. Algebras with trace form 



Sii. Then 
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(e) IfE, E' e IttA, then I]jtr(ai, E)tr{a\, E') is fE^miE if E, E' are isomor- 
phic and is 0, otherwise. 

Let A = ©^^i^„ be the decomposition of A as a sum of simple algebras. Let 
Tn : An — > R he the restriction of r. Then r„ is a trace form for A^, whose 
associated form is the restriction of (, ) and {An,An') = for n ^ n' . Hence 
we can choose (a^) so that each is contained in some A^ and then a'^ will be 
contained in the same A^ as a[. 

We prove (a). From 19.1(a) we see that T{ai)a[ is independent of the choice 
of (oj). Hence we may choose (a^) as in the first paragraph of the proof. We are 
thus reduced to the case where A is simple. In that case the assertion is easily 
verified. 

We prove (b). Prom 19.1(a) we see that ■ ti {ai, E)a'^ is independent of the 
choice of (oj). Hence we may choose (a^) as in the first paragraph of the proof. 
We are thus reduced to the case where A is simple. In that case the assertion is 
easily verified. 

We prove (c). It is enough to note that a i— > tr(a, E) form a basis of the space 
of i?-linear functions A ^ R which vanish on all aa' — a' a and r is such a function. 

We prove (d). We consider the equation in (c) for a = and we multiply both 
sides by a[ and sum over i. Using (a), we obtain 

J2iJ2E9Etr{a^,E)a[ = Ei = 1- 

Hence dE^^i'^'^i^i, E)a'^ — 1. By (b), the left hand side acts on a £" e IrrA 
as a scalar Qe'Ie' times the identity. This proves (d). 

(e) follows immediately from (b). The proposition is proved. 

19.3. Now let A' be a semisimple subalgebra of A such that r', the restriction of 
T to A' is a trace form of A' . (We do not assume that the unit element 1a' of A' 
coincides to the unit element 1 of A.) If i? G ModA then Ia'E is naturally an 
object of ModA'. Hence if E' e livA' , then the multiphcity [E' : Ia'E] of E' in 
Ia'E' is well defined. 

Note that, if a' eA', then tr(a', Ia'E) = tr(a', E). 

Lemma 19.4. Let E' e Irr^'. We have 

gE'=T.E[E' ■U'E]gE, 
sum over all E e Irr^ (up to isomorphism). 

By the definition oi qe', it is enough to show that 

(a) Y.eW ■■ l'E]gEtT{a', E') = r(a') 
for any a' € A' . Here E' (resp. E) runs over the isomorphism classes of simple 
objects of ModA' (resp. Mod^). The left hand of (a) is 

J:e9eJ:e'[E' : l'E]tT{a',E') = Y,e 9Etr{a' ,1'E) = Y,e 9Etr{a' , E) 
which, by the definition of is equal to T(a'). This completes the proof. 

20. The function 

20.1. In this section we assume that the assumptions of 18.1 hold and that W is 
finite. 
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The results of §19 will be applied in the following cases. 

(a) A = Hci R = C Here ^ — > C takes v to 1. We identify He with the group 

algebra C[W] by w I — > Ty} for all w. It is well known that C[T'K] is a semisimple 
split algebra. We take r so that t{x) = Sx,i for x G W. Then the bases {x) and 
{x~^) are dual with respect to (, ). 

We will say VF-module instead of C[VF]-module. We will write ModVF, IrrVF 
instead of ModC[W^], IrrC[W^]. 

(h) A = Jc, R = C. Since C[W] is semisimple, we see from 18.12(a) that the 
kernel of (pc '■ C[W] — * Jc is so that (pc is injective. Since dimC[VF] = dim Jc = 
it follows that (pc is an isomorphism. In particular Jc is a semisimple split 
algebra. We take r : Jc — >^ C so that T{tz) is Hz i( z E V and 0, otherwise. Then 
{txity) = Sxy,i- The bases (tj;) and are dual with respect to (, ). 

(c) A = T-tc{v):R = Here A ^ C takes v to v. The homomorphism 
</'c(w) '■ T^c{v) ~^ Jc{v) is injective. This follows from 18.12(b), using the fact that 
injectivity is preserved by tensoring with a field of fractions. Since 'Hc{v)j Jc{v) 
have the same dimension, it follows that 4>c{v) is an isomorphism. Since Jc{v) = 
C{v) (8) Jc) and Jc is semisimple, split, it follows that Jc{v) is semisimple, split, 
hence 'Hc{v) is semisimple, split. We take r : 'Hc{v) so that t{T^) = S^),!- The 
bases (T^^) and (T^-i) are dual with respect to (, ). 

Remark. The argument above shows also that, 

(d) if R = Rq{v), with Rq an arbitrary field and A ^ R carries v to v, then 
(pR '■ Hr — * Jr is an isomorphism; 

(e) if i? in 18.11 is a field of characteristic then (pR : Hr — > Jr is an isomor- 
phism if and only if Hr is a semisimple i?-algebra. 

20.2. For any E e ModW^ we denote by the corresponding Jc-module. Thus, 
E^ coincides with £^ as a C-vector space and the action of j e Jc on E^ is the 

same as the action of (pc^ij) on E. The Jc-module structure on E^ extends in a 
natural way to a Jc(„)-module structure on Ey = C{v) ®cE^. We will also regard 

Ey as an 7ic(w)-niodule via the algebra isomorphism (pc{v) '■ ^c(ii) ~^ Jc{v)- If E 
is simple, then E^ and E^ are simple. 

li E e IttW. Then E^ is a simple J^-module for a unique two-sided cell c of 
W. Then for any x e c, we write E ^cn x. If E, E' e IrrVF, we write E ^cn E' 
if for some a; e we have E ^cn x,E' ^cn x. 

20.3. There is the following direct relationship between E and Ey (without going 
through J): 

(a) tY{x,E) = tr(T^,E„)|„=i for all x eW. 
Indeed, it is enough to show that tr(cj., E) — tr(cj., Ey)\y^i. Both sides are equal 
ew,deT> lx,d,z-^'^zti{tz, E^). 

20.4. Assume that E G IrrVF. We have 
(a) {fEjv=idim{E) = \W\. 

Indeed, setting v = 1 in ^^ew ^"^C^x, Ey)tr{Tx-i, Ey) = fs, dim(£;) gives 
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The left hand side equals \ W\; (a) follows. 

20.5. Let I gS, let E' e JiiWi and let E e JiiW. We have 

(a) [E^, : E,] = [E' : E]. _ 
The right hand side is \Wi\ ^ Ylx&Wi ^i"!^) E')t-!:{x ^,E). The left hand side is 

/^/dim(E')-^ J2 tr{T,,E'^)tT{T,-^,E,). 

x€Wi 

Since this is a constant, it is equal to its value for = 1. Hence it is equal to 

{fEl)v=i dim{E')-' tr(x, E'^)tr{x-\ E,). 

Thus it is enough to show that {Je' )v=i dim(£^') = \Wi\. But this is a special case 
of 20.4(a). 

Proposition 20.6. Let E e IrrW . 

(a) There exists a unique integer at-E > such that tr{Tx,Ey) e v^^^Cfz;] for 
allxeW and tT{T^, Ey) ^ v-^^+'^C[v] for some xeW. 

(h) For X eW we have ti{Tx,Ey) = sgn{x)v~^'^tT{tx, E^) mod t'~^^+^C[t']. 

(c) Let c be the two-sided cell such that E^ e IrrJ^. Then a.E = sl{x) for any 
X G c. 

Let a = a(x) for any x G c. By definition, 

tr(4,£;„) = Ezew,de'DMd)=^iz) hx,d,zfiztr{t,, E^). 
In the last sum we have tr(t2, E^) = unless 2; G c in which case aL{z) — a. For 
such z we have hx,d,z = hx,d,z = lx,d,z-'^'^~°' mod v~'*"''-'^Z[v], hence we have 

tr(4,£;„) = ^^^^^^^^-f^^d,z-^n^v-''tT{tz, E^) mod v'^'+^Civ]. 

For each z in the last sum we have X^^gx> 7a;,d,z-i^z = ^x,zndnz = Sx,z- From this 
we deduce that 

(d) tr(4, Ey) = v-^trit^, E^) mod v'^'+^Clv]. 

We have = T.y.y<^q'y^xCy Hence sgn(a;)T^ = T] = Ey;2;<x5y,x4- Applying - 
we obtain sgn(a;)Ta; = Y.y;y<x^y,xcl- Hence 

tr(T,, Ey) = sga{x) Y.y-y<x 9^,a;tr(4, E^). 
Using (d) together with = 1, q'y „^ G v7j[v\ (see 10.1), we deduce 

tr(T^, Ey) = sgn{x)v-''tT(t^, E^) mod ^""+^0^. 
Since G IrrJc, we have tr(ta;, £'<!>) ^ for some x G W. The proposition 
follows. 

Corollary 20.7. fE^ = fE^v~'^^'^ + strictly higher powers of v. 
Using 19.2(e) for 'Hc{v) and Jc, we obtain 

fE^ dim E = J] tr(T^, K)tr(T^-i , K) 

X 

G ^tr(t„£;^)tr(t,-i,£;^) +^;-2--+iCH 

X 

= y-^^'' fE^ dim E + v-^^^+^C [v] . 
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The coroUary foUows. 

Let": C[t;,t;~^] — > C[v,v~^] be the C-algebra homomorphism given by v'^ i— > 

Corollary 20.8. For any x eW we have Tr(T~_\, = tr^T^^Eyj. 

We have = sgn(x) Ey;y<x ^y,x4' = «g^(^) ^y;y<x ^^^^^ 

tr(T^, = sgn(x) Ey;y<x Qy,x'^^i4^ ^")' 

tr(T-\, = sgn(a;) E,;,<. 9;,.tr(ct , 

Thus, it suffices to show that T!:{c^y,Ey) = tr{cy,Ey) for any y e W. As in the 
proof of 20.6 we have 

tr(4,£;„) = Ezew,deT>-Md)=^{z)^y^d,znztr{t,,E^). 

Hence it suflBces to show that hy^d,z = hy^d,z for all d, z in the last sum. But this 
is clearly true for any y, z in W . 

For any E G ModVF we write E'^ instead oi E ® sgn. We write E\ instead of 

Lemma 20.9. Let E G IrrVF. For any x & W we have 
tr(T,, {E^)y) = {-iy(-hi{T,,Ey) 

^ : Ti. ^ Ti. (see 3.5) extends uniquely to a C(t;)-algebra involution : Hciv) — ^ 
Hc{v)- Let {E^y be the Hc(v)-niodule with underlying vector space Ey such that 
the action of h on El is the same as the action of on Ey. Clearly, {Ey)^ G 
lrr7ic{v)- For a; G we have 

tr(T„(E„)t) = {-iy(-hr{T;_\,Ey) = (-l)K^)tr(T„ 
(The last equation follows from 20.8.) Setting w = 1 we obtain 

tr(T„ iEyy)\y^, = {-iy(-hT{x, E) = tr(x, E^). 
Using 20.3, we deduce that {Ey)^ = El in ModT^cCt;)- The lemma follows. 

Proposition 20.10. For any x E W we have 

tr(Ta;, Ey) = v^E'itxl^tx, E^^) + strictly lower powers of v. 

Using 20.9 and 20.6 we have 



tr(T„ Ey) = sgn(a;)tr(T„ El) = v-^BitT{t^, E^) + strictly higher powers of v 
= v^^'^tT{tx, E^^) + strictly lower powers of v. 

The proposition is proved. 

Corollary 20.11. /e^ = /^t v^^^t -|- strictly lower powers of v. 
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Using 20.10 we have 

X 

e ^2a,t J]tr(t„4)tr(t,-i,Ei) +^2a,t-ic[^-i] 

X 

Lemma 20.12. Let E' E IrrVT/. We have qe'^ = J^E-Eeirrwi^' ■ E]9e.- 

We apply 19.4 with A = 7ic(v) and A' the analogous algebra for Wi instead of 
W, identified naturally with a subspace of A. (In this case the unit elements of 
the two algebras are compatible hence lA'Ey — Ey.) It remains to use 20.5(a). 

Lemma 20.13. Let E e IrrW . 

(a) For any x G W, ti{t^-i , E^) is the complex conjugate of tr{tx, E^). 

(b ) Je^ is a strictly positive real number. 

We prove (a). Let (,) be a positive definite hermitian form on E. We define 
{,y:E^xE^-.Chy 

This is again a positive definite hermitian form on E^. We show that 

{t^e.e'Y = {e.t^-ie'Y 
for all e, e'. This is equivalent to 

J2y,zlz,x,y-^{tye,t:,e') = J2y,zly,x-\z-^{tye,t:,e') 
which follows from 'Jz,x,y-'^ = 7y,x-i,z-i- We see that t^-i is the adjoint of t^ with 
respect to a positive definite hermitian form, (a) follows. 

We prove (b). By 19.2(e) we have /^^ dim(E) = Zx^^t^^ E^Mt^-', E^). 
The right hand side of this equality is a real number > 0, by (a). Hence so is the 
left hand side. Now /^^ 7^ by 19.2(d) and (b) follows. 

Proposition 20.14. Let E' e IttWi. 

(a) For any E e IrrVF such that [E' : E] ^ we have sle' < a^;. 

(b) We have 9e'^ = • E]9e^, sum over all E e liiW (up to isomorphism) 
such that Sle — a.E' ■ 

Let X be the set of all E (up to isomorphism) such that [E' : E] ^ and such 
that a^; is minimum, say equal to o. Assume first that a < a.E'- 
Using 19.2(d) we rewrite 20.12 in the form 

(c) v-^-f^l = ^^[E':E]v-^-f-\ 
By 20.7, we have 

(d) {v-'--fE%^0 = JeI iv-'^-' fEl)\v=0 = IeK 

hence by setting t; = in (c) we obtain 

= EEex[E':E]f^l. 
The right hand side is a real number > by 20.8(b). This is a contradiction. Thus 
we must have a > a.E' and (a) is proved. 
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We now rewrite (c) in the form 
(e) v-^^-'f^} = ^^[E' : E]v-'--'f^\ 
Using (d) and (a) we see that, setting v = in (e) gives 

This proves (b). 

20.15. Let K{W) be the C-vector space with basis indexed by the E G Irrl^ (up 
to isomorphism). If i? e ModVF we identify E with the element ^^^^[-E : E\E & 
K{W) [E as above). 

We define a C-hnear map j^^ : K{Wi) K{W) by 

ZAe')^Y.e[e'--E]e, 

sum over all E e \ttW (up to isomorphism) such that a_B = a_B'; here E' e IrrW/. 

We call this truncated induction. 

Let /" d I' <Z S. We show that the following transitivity formula holds: 

Let E" e IrrWi" . We must show that 

[E":E] = ^^,.^^^^^^^JE":E'][E':E] 
for any E" e IrrW/",£^ e IrrW such that ble" = sle', in the sum we have E' e 
IrrWi'. It is clear that 

[E":E] = J:^,[E":E'][E':E]. 
Hence it is enough to show that, if [E" : E'][E' : E] 0, then we have automat- 
ically aE' — sle". By 2.10(a) we have sle" < B-e' < ^e- Since sle" = B-e, the 
desired conclusion follows. 

20.16. For any a; e define 

7a; = '^E;E£lrrW 

tTit,,E^)EeK{W). 
We sometimes write instead of j^, to emphasize dependence on W. 

Note that 'j^ is a C-linear combination of E such that E '^cm Hence, if 
E, E' appear with ^ coefficient in then E ^ c'R E' . 

Proposition 20.17. If x & Wj, then 7^ = ^^,(7^0- 

An equivalent statement is 

(a) tr(t,,i?^) = Ei^';a.=a,, tr(t„i?;)[E' : E] 

for any E G IrrVF; in the sum we have E' G IrrVF/. Clearly, we have 

(b) ^--tr(T„i?„) = j:j,,.j,,^,^^^^v--tr{T^,E'J[E' : E]. 

In the right hand side we may assume that a^/ < a^. Using this and 20.6, we see 
that setting v = in (b) gives (a). The proposition is proved. 

Lemma 20.18. (a) We have aggn = L{wo). 
(h) We have fsgn^ = 1- 

(c) We have = sgn. 

sgn„ is the one dimensional Tic («) -module on which Tx acts as sgn(a;)t'~^'-^-'. 
(This follows from 20.3.) From 20.6(b) we see that aggn = L{wq) and that 
tr(t^i,Q, sgn,l») = 1. This proves (a). 
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To prove (c) it remains to show that, if tr(t^Q, E^) ^ {E simple) then E = sgn. 
This assumption shows, by 20.6(c), that E^ e IrrJ^ where c is the two-sided cell 
such that sgn^n G IrrJ^. Since tr(tTO(,5 sgn<||) = 1, wc have wq G c. Prom 13.8 it 
follows that {wo} is a two-sided cell. Thus c = {wq} and is one dimensional. 
Hence it cannot have more than one simple module. Thus, E = sgn. This yields 
(c) and also (b). The lemma is proved. 

20.19. Assume that form a partition of S such that W — Wj x Wi> (direct 
product). If £■ e IrrW/ and E' e IirWr, then E^E' e IttW. From the definitions 
one checks easily that 

Moreover, if x G W/, x' G W/', then 

ixx' IX ix' 

20.20. In the remainder of this section we assume that wq is in the centre of W. 
Then, for any E G IrrVF, wq acts on E as eg times identity where se = ±1- Now 
E I— > esE extends to a C-linear involution ^ : K{W) — > K{W). 

Lemma 20.21. Let E G IrrVF. For any x eW we have 
tr(T^,^, E^) = eEV-^^+^^ni{T^,E^). 

Since wq is in the centre of W, T^^ is in the centre of 7ic(u) hence it acts 
on Ey as a scalar A G C(f) times the identity. Now tr(Tj;,£'^) G C[t',t'~^] and 
ir{T-^,Ey) G C[v,v-\ In particular, A G C[w,i;-^] and A"^ G C[v,v-\ This 
implies A = cv"' where c G C. For v = 1, A becomes e^- Hence A = e^i^" for some 
n. We have 

tr(T„„^, E^) = tr(T„,T-\ , K) = Atr(T-\ , K) = Atr(T^,£;„). 
We have 

tr(T^„„ E,)lr{T,-^^^,E^) = A^ tr(T,, E„)t_r(T,-i, ^„) 
hence /e„ dim(£') = A^/^^ dim(£') so that /^^ = v'^'^Je^- By 20.9, we have 

E,tr(T„£;,)tr(T,-i,£;,) - tr(T„ i?t)tr(T,-i , i?t) 
hence /e„ = /^t- We see that fE^ = v^^f{E'f)^- Comparing the lowest terms we 
see that 

—2aiE = 2n — 2a^t hence n = — + a^^t 
and that 

(a) fE^ = fE^- 

Lemma 20.22. ^;^^tr(T^,^, E„) = e£;(-l)'(^)^;^sttr(T^, ^t). 
We combine 20.8, 20.21. 

Lemma 20.23. For any x E W we have ^xwo — sgn(a;)C(7a;) ® sgn. 

An equivalent statement is 
tr{ta;wo^E^) = sgn(a;)tr(ta,, -Eji^)e£;t 
for any E G IrrVF. Setting v = in the identity in 20.22 gives 
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It remains to show that e^t = eESga{wo). This is clear. 

20.24. By the Cay ley-Hamilton theorem, any element r E J satisfies an equation 

of the form r" + oir"~-^ + h = where e Z. (We use that the structure 

constants of J arc integers.) This holds in particular for r = tj^ where x G W. 
Hence for any £ G IrrJc, tr(ta;,£^) is an algebraic integer. If is a subfield of C 
such that the group algebra is split over R, then is split over R and it 

follows that for x,£ as above, tr(ta;,£) is an algebraic integer in R. In particular, 
if we can take i? = Q, then tr(ta;, G Z. 

21. Study of a left cell 

21.1. In this section we preserve the setup of 20.1. Let F be a left cell of W,L. 
Let d be the unique element in F fl P. The .A-submodule Yliy^v ■^^X ^ 
regarded as an 7i-module by the rule cl.-c[^ = Xlzer ^x,y,zc\ with x E W,y E W. 
By change of scalars {v 1) this gives rise to an He = C[VF]-module [F]. On the 
other hand, Jq = (ByerCty is a left ideal in Jc by 14.2(P8). 

Lemma 21.2. The C-linear isomorphism ty ^ fiyCy fory eT is an isomorphism 
of Jc -modules Jq —>■ [T]^. 

We have F C Xa = {w E W\a.{x) — a} for some a G N. The ^-submodule 
XlyeXo ^^y °f ^ '"^'^ regarded as an 7i-module by the rule 

with X E W,y E W. By change of scalars {v ^ 1) this gives rise to an Tic = C[VF]- 
module [^o]- On the other hand, ~ ®yeXa^ty is a left (even two-sided) ideal 
in Jc . The C-linear map in the lemma extends by the same formula to a C-linear 
isomorphism J^°- [-^a]«|»- It is enough to show that this is Jc-linear. This 
follows from the computation in 18.10. The lemma is proved. 

Lemma 21.3. Let £ E IrrJc- The C-linear map u : Homj^. ( Jq, £^) — > td£ given 
by C ^ ^{ndtd) is an isomorphism. 

u is well defined since ^(ridtd) = td^{td) £ td£- We define a linear map in the 
opposite direction by e i— > [j je]. It is clear that this is the inverse of u. (We 
use that jridtd = j for j E Jq.) The lemma is proved. 

Proposition 21.4. We have 7^ = rid^^Ei^ '• i^]]^ (sum over all E E IrrW up 
to isomorphism). 

An equivalent statement is that t-!:(ndtd, E^) = [E : [F]], for E as above. By 

21.2, we have [E : [F]] = [E^ : J^]. Hence it remains to show that tr{ndtd,£) = 
[£ : J^] for any £ E IrrJc- Since £ = (Bd'eV^d'td'^ and Udta : £ ^ £ is the 
projection to the summand ndtd£, we see that tr{ndtd,£) — dim.{td£). It remains 
to show that dim.{td£) — [£ : Jc]- This follows from 21.3. 
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Proposition 21.5. [T]^ , [^wq] are isomorphic in Modl^. 

We may identify [T]^ witli tlie VF-module witli C-basis ey{y G F) wliere s & S 
acts by Cy i— >■ —Cy + X^^;er ^s,y,z^z- 

On the other hand we may identify [Twq] with the VF-module with C-basis 
^ywo (y ^ ^) where s E S acts by e'y^^ ^ ^ywo ,yWo,ZW()^ZWo ■ 

The VF-module dual to [T]^ has a C-basis ey{y E T) (dual to (cy)) in which the 
action of .s G 5* is given by e'y —e'y +XlzGr ^s.z,ye". We define a C-isomorphism 
between this last space and [Twq] by e'y i— > sgn{y)ey^^ for all y. We show that this 
comutes with the action of W. It suffices to show that for any s G 5', we have 

(a) -hs,z,y = sgii{y)sgn{z)hs,ywo,zwo for all z ^ y and 

(b) 1 — hg^y^y = —1 + hs^ywo,yWo fo^ ^,11 y. 

We use 6.6. Assume first that sz > z. If sy > y and y ^ z, both sides of (a) are 
0. li sy < y < z then (a) follows from 11.6. li y — sz then both sides of (a) are 
— 1. \i sy <y but y ^ z or y ^ sz then both sides of (a) are 0. 

Assume next that sz < z. li z ^ y then both sides of (a) are 0. 

If sy > y, both sides of (b) are 1. If < y, both sides of (b) are —1. Thus 
(a),(b) are verified. Since [F]^ and its dual are isomorphic in ModVF (they are 
defined over Q), the lemma follows. 

Corollary 21.6. Let E G IrrVF and let c he the two-sided cell of W such that 
G IrrJg. Then E]^ G IrrJ^^o. 

Replacing F by c in the definition of [F] we obtain a VF-module [c]. Then 21.2, 
21.5 hold with F replaced by c with the same proof. Our assumption implies 
(by 21.2 for c) that E appears in the VF- module [c]. Using 21.5 for c we deduce 
that appears in the VF- module [cwq]. Using 21.2 for cwq, we deduce that El 
appears in the Jc-module . The corollary follows. 

Corollary 21.7. Let E, E' G IrrW^ he such that E r^cn E' . Then E^ r^cn E'^ ■ 

By assumption there exists a two-sided cell c such that E^^^E'^ G IrrJ^. By 
21.6, e\,E'\ G lxxJ^°. The corollary follows. 

21.8. The results of §19 are applicable to A, the C-subspace Jq^^ of Jc spanned 
by F n F~^ and R — C This is a C-subalgebra of Jc with unit element td- In 
21.9 we will show that is semisimple. It is then clearly split. We take 
T : — > C so that T{tx) = Sx,d- (This is the restriction of r : Jc ^ C.) We 
have (txjty) = Sxy,i- The bases (tx) and (tx-i) (where x runs through r nr-i) 
are dual with respect to (, ). 

21.9. We show that the C-algebra Jc'^''" ^ is semisimple. It is enough to prove 
the analogous statement for the Q-algebra A' , the Q-span of F fl F~^ in Jq. We 
define a Q-bilinear pairing (|) : A' x A' ^ Q hj (tj:\ty) — dx,y for G F fl F~^. 
Let j I— > j be the Q-linear map A' — > A' given by ix = tx-i for all x. We show 
that 
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(a) (iii2b3) = 02|iii3) 

for all ji,j2,j3 in our ring. We may assume that ji = tx,j2 = tyijz = tz- Then 
(a) follows from 

Now let / be a left ideal of A'. Let = {a e A'\{a\I) ^ Q). Since (|) is positive 
definite, we have A' = I ® I-^ . From (c) we see that is a left ideal. This proves 
that A' is semisimple. 

The same proof could be used to show directly that Jc is semisimple. 

Proposition 21.10. Let E, E' e IttW. Let N = E^emr-i ^^i^x, -E4)tr(t^-i , E'^) .| 
Then N = Je^ [E : [F]] if E, E' are isomorphic and N = 0, otherwise. 

If £^ e IrrJc, then t^S is either or in IrrJ^'^^ \ Moreover, £ i— > tdS defines a 
bijection between the set of simple Jc-modules (up to isomorphism) which appear 
in the Jc-module and the set of simple JqP^ -modules (up to isomorphism). 

We then have dim.{td£) = [£ Jc]- Note that, for j E J^^^ we have tr(j, £^) = 
tr {j,tdS). If tdE^ = or tdE'^ — 0, then = and the result is clear. If 
tdE^ ^ and t'^E^ ^ then, by 19.2(e), we see that N = ft^E^iE^ : j£] if 
E, E' arc isomorphic and to 0, otherwise. It remains to show that = /e^ , 

[E : [F]] = [E^ : J^] and the analogous equalities for E'. Now ftaE^ = fs^ follows 
from 19.4 applied to (A', A) = {Jg^^~\jc); the equality [E : [F]] = [E^ : j£] 
follows from 21.2. The proposition is proved. 

22. CONSTRUCTIBLE REPRESENTATIONS 

22.1. In this section we preserve the setup of 20.1. 

We define a class Con{W) of VF-modules (relative to our fixed L : W — > N) 
by induction on If l^"! = so that W — {1}, Con{W) consists of the unit 
representation. Assume now that \S\ > 0. Then Con(W) consists of the W- 
modules of the form ]y^^{E') or j^^(£^') sgn for various subsets I C S, I ^ S 
and various E' G Con{Wi). (If we restrict ourselves to / such that |/| = 15*1 — 1 
we get the same class of VF-modules, by the transitivity of truncated induction.) 
The VF-modules in Con{W) are said to be the constructible representations of W. 

Note that the unit representation of W is constructible (it is obtained by trun- 
cated induction from the unit representation of the subgroup with one element). 
Hence sgn e Con{W). 

Lemma 22.2. If E E Con{W), then there exists a left cell T of W such that 
E=[T]. 

We argue by induction on l^j. If = the result is obvious. Assume now 
that \S\>0. Let E e Con{W). 

Case 1. E= ]^^{E') where I C S, I ^ S and E' E Con{Wi). By the induction 
hypothesis there exists a left cell F' of Wi such that E' = [F']. Let deV'nV. By 
21.4 we have 7^ = P'] = E'. By 20.17 we have E = j^^ [E') = (7,^^ = lY ■ 
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Let r be the left cell of W that contains d. By 21.4 we have 7^ = [F]. Hence 
E=[T]. 

Case 2. E = '^'^^{E') ® sgn where I C SJ ^ S imd E' e Con{Wi). Then by 
Case 1, ® sgn = [v] for some left ceU T of W. By 21.5 we have E = [Twq]. The 
lemma is proved. 

Proposition 22.3. For any E G IrrVF there exists a constructible representation 
ofW which contains a simple component isomorphic to E. 

The general case can be easily reduced to the case where W is irreducible. 
Assume now that W is irreducible. li L — al for some a > 0, the constructible 
representations of W are listed in [...] and the proposition is easily checked. (See 
also the discussion of types A, D in 22.5, 22.26.) In the cases where W is irreducible 
but L is not of the form al, the constructible representations are described later 
in this section and this yields the proposition in all cases. 

22.4. Let W = &n be the group of permutations of 1, 2, . . . , n. We regard W as 

a Coxeter group with generators 

si = (1, 2), S2 = (2, 3), . . . , Sn-i = (n - 1, n), 
(transpositions). We take L = al where a > 0. 

The simple VF- modules (up to isomorphism) are in 1-1 correspondence with the 
partitions a = (cti > a2 > ■ ■ ■) such that ajv = for large N and ai = n. The 
correspondence (denoted by a 1— ttq,) is defined as follows. Let a be as above, let 
{a'l > a2 > . . .) he the partition dual to a. Let iTa be the simple VF-module whose 
restriction to ©qi x &a2 ■ ■ ■ contains 1 and whose restriction to &a[ x ©q,^ . . . 
contains the sign representation. We have (a consequence of results of Steinberg): 

f{-^a)v = v~^i'^^ 2) + strictly higher powers ofv. 

It follows that 

(a) = and /(^^)^ = 1. 

Lemma 22.5. In the setup of 22.4, ^ W -module is constructible if and only if it 
is simple. 

For any sequence (3 = (/3i, /32, • • • ) in N such that (3n = for large N and 

Pi = n, we set 

Ip = {s,\i e [l,n-l],iy^ Pui^ /3i+ /32,...}. 
From 22.4(a) we see easily that, if P is the same as a' up to order, then 
(a) 3wj^ (sgn) = tt^. 

Since the sgn G Con{Wi^), it follows that tTq, G Con{W). Thus any simple W- 
module is constructible. 

We now show that any constructible representation EofW — &n is simple. We 
may assume that n > 1 and that the analogous result is true for any Wj/ ^ W. We 
may assume that = (C) where /? is as above, Wj^ 7^ W and C G Con{Wi^). 
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By the induction hypothesis, C is simple. Since the analogue of (a) holds for W^/^ 

Wi 

(instead of W) we have C = (sgn) for some (3' such that Wj^, C VF/^ . By the 

transitivity of truncated induction we have E = jw (sgn). Hence, by (a), for (5' 

'0' 

instead of /3, E is simple. The lemma is proved. 

22.6. We now develop some combinatorics which is useful for the verification of 
22.3 for W of classical type. 

Let a > 0, 6 > be integers. We can write uniquely b = ar + b' where r, 6' e N 
and b' < a. Let N eN. Let M^i, be the set of multisets Z = {zi < Z2 < ■ ■ ■ < 
Z2N+r} of integers > such that 

(a) if 6' = 0, there are at least N + r distinct entries in Z, no entry is repeated 
more than twice and all entries of Z are divisible by a; 

(b) if b' > 0, all inequalities in Z are strict and entries of Z are divisible by 
a and N + r entries of Z are equal to b' modulo a. 

The entries which appear in Z exactly once are called the singles of Z; they form 

a set Z. The other entries of Z are called the doubles of Z. 
For example, the multiset Z^ whose entries are (up to order) 
0, a, 2a, . . . , (A^ - l)a, 6', a + b' ,2a + b' , . . . , {N + r - l)a + b' 

belongs to M.^^^. Clearly, the sum of entries of Z minus the sum of entries of Z° 

is > and divisible by a, hence it is equal to an for a well defined n e N said to 

be the rank of Z. We have 



2N+r 

E 

k=l 



Zk = an + aN^ + N{b - a) + a Q + b'r. 



Note that Z^ has rank 0. Let Aiab-n multisets of rank n in M-^h- 

We define an (injective) map M.^^, — * -^at^ t)y 

{ZI<Z2<... Z2N+r} l-> {0, 6', 5i + a < ^2 + a < . . . Z2N+r + . 

This restricts for any n e N to an (injective) map 

(C) At?6;n - -MS- 

It is easy to see that, for fixed n, lA^^^.^I is bounded as A?" — > cxo, hence the maps 
(c) are bijections for large A^. Let A4a,b;n be the inductive limit of M-ab-n ^ 
N ^ oo (with respect to the maps (c)). 

22.7. Let Sy^f^.^ be the set consisting of all tableaiix (or symbols) 

Ai, A2, . . . , Ajv+r 

(a) /xi,/i2,...,/ijv 

where Ai < A2 < • • • < Ajv+r are integers > 0, congruent to b' modulo a, 
fii, fi2, ■ ■ ■ , fJ-N are integers > 0, divisible by a and 

'^Xi + '^Hj ^ an + aN"^ + N{b - a) + a Q + b'r. 
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If we arrange the entries of A in a single row, we obtain a multiset Z e ^^h-n- 
This defines a (surjective) map ttjv : ^Yab-n ~^ -^ah-n- 

We define an (injective) map 

(b) Sy^,^. - Sy^ 
by associating to (a) the symbol 

6', Ai + a, A2 + a, . . . , Xn+v + o 

0, /xi + a, /X2 + a, . . . , /xat + a. 

This is compatible with the map M-ab^ ^at^ in 22.6 (via ttjv, ttjv+i)- 

Since for fixed n, |Sy^^.^| is bounded as A?" ^ 00, the maps (b) are bijections 
for large N. Let Sya,6;n be the inductive limit of Sy^^,.^ as A/" ^ 00 (with respect 
to the maps (b)). 

22.8. Let Z — {zi < Z2 < ■ ■ ■ Z2N+r} € -^ab n- ^ be an integer which is large 
enough so that the multiset 

(a) {at + b' — zi, at + b' — Z2, ■ ■ ■ , at + b' — Z2N+r} 
is contained in the multiset 

(b) {q, a, 2a, ... , ta, b', a + b' ,2a + b' , . . . ,ta + b'} _ 

and let Z be the complement of (a) in (b). Then Z e Ml\^~^~''. The sum of 
entries of Z is 

J2 C^ka + b') - {at + b'){2N + r) + Y,^h 
fee[o,t] h 

= at{t + 1) + (t + 1)6' - {at + b'){2N + r) + an + aAT^ ^N{b-a) + a Q + b'r 
= an + a(t + 1 - A" - r)^ + (t + 1 - A" - r) (6 - a) + a Q + b'r. 

Thus, Z has rank n. 

We define a bijection tt^^{Z) ^ 7r^~^\_^_^(Z) by A 1— > A where A is as in 
22.7(a) and A is 

{6', a + 6', 2a + 6', ?>a + b' , . . . ,ta + b'} — {at + b' — ni,at + b' — /U2, . . . , at + 6' — hn} 
{0, a, 2a, 3a, . . . , ta} — {at + b' — \i, at + b' — A2, . . . ,at + b' — AAr+r}- 

22.9. Let W = Wn be the group of permutations of 1, 2, . . . , n, n', . • • , 2', 1' which 
commute with the involution i 1— > ^ i. We regard Wn as a Coxeter group 
with generators si, S2, . . . , Sn given as products of transpositions by 

si = (1, 2)(1', 2'), S2 = (2, 3)(2', 3'), • • • , Sn-i = (n - 1, n)((n - 1)', n'), 
Sn = (n, n'). 
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22.10. A permutation in W defines a permutation of the n element set consisting 
of the pairs (1, 1'), (2, 2'), . . . , {n,n'). Thus we have a natural homomorphism of 
Wn onto &ni the symmetric group in n letters. Let Xn '• Wn ±1 be the 
homomorphism defined by 

Xn(c) = 1 if {c(l), c(2), . . . , c(n)} n {!', 2', . . . , n'} has even cardinality, 

Xn(c) = —1, otherwise. 
The simple VF-modules (up to isomorphism) are in 1-1 correspondence with the 
ordered pairs a, {3 where a = (ai > a2 > ■ ■ ■) and /? — > (32 > • • • ) are 
partitions such that cxn = = for large N and "^^cti + 'Ylijl^j ~ ^- "^^^ 
correspondence (denoted by a, /3 i?"'^) is defined as follows. Let a, (3 be as 
above, let {a'-^ > > . . . ) be the partition dual to a and let {(3'-^ > (3'2 > ■ ■ ■) 
be the partition dual to (3. Let k = ai,l = /3j. Let tTq. be the simple &k- 
module defined as in 22.4 and let Tip be the analogously defined simple ©^-module. 
We regard 7rQ,,7r^ as simple modules of Wk,Wi via the natural homomorphisms 
Wk &k,Wi &i as above. We identify Wk x Wi with the subgroup of W 
consisting of all permutations in W which map 1,2, . . . , k, k' , . . . , 2', V into itself 
hence also map k + l,k + 2, . . . ,n,n' , . . . ,{k + 2)' , {k + 1)' into itself. Consider 
the representation tTq, ® {np ^ Xi) of Wk x Wi. We induce it to W; the resulting 
representation of W is irreducible; we denote it by i?"'^. 

We fix a > 0, 6 > and we write b = ar + b' as in 22.6. 

Let a, (3 be as in 22.10. Let N be an integer such that ctiv+r+i = 0,(3n+i — 0. 
(Any large enough integer satisfies these conditions.) We set 

Xi = a{aN+r-i+i+i-l)+b',{i e [l,N+r]), fXj = a{pN-j+i+j -1), U ^ 

We have < Ai < A2 < • • • < Ajv+r, < /ii < 112 < ■ ■ ■ < fJ'N- Let A denote 
the tableau 22.7(a). It is easy to see that A e Sy^^,.^. Moreover, if N is replaced 

by + 1, then A is replaced by its image under Sy^j,.^ — > Sy^^^ (see 22.7). Let 
[A] = i?"'^. Note that [A] depends only on the image of A under the canonical 
map Sy^fj.^ Sya,5;n- In this way, we see that 

the simple W -modules are naturally in bijection with the set Sja,b;n- 
For i e [1, N] we have a{aN-i+i +i — l) + b = a{aN+r-i-r+i +i + r — l) + b' = Xi+r- 

If is large we have Aj = a{i — 1) + b' for i e [l,r] and /ij = a{j — 1) for 

22.11. Let q,y be indeterminates. With the notation in 22.15, let 



^ai+a^-i-j + l _ 2 



q-1 



both products are taken over alH > 1, j > 1 such that ai > j, a', > i. 
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Let L : — > N be the weight function defined be defined by L{si) = L{s2) ~ 
• • • = L(sn-i) = a, L{sn) = b. We now assume that both a,b are > 0. We also 
assume that o, b are such that W, L satisfies the assumptions of 18.1. Then /pa,/? 
is defined in terms of this L. 

Lemma 22.12 (Hoefsmit [Ho]). We have 

We will rewrite the expression above using the following result. 
Lemma 22.13. Let N be a large integer. We have 

H (a)-a^ie[i,N-^ii) lii=ili/.6[i,^iv-.+i+^-i] 9-1 

^a^i)-^ ^<^M-j+i+J-^_qO'N-i+i+i-i ' 

lll<i<j<iV q-1 



X 



The proof is by induction on n. We omit it. 

Proposition 22.14. (a) If b' = then /[a]^ is equal to 2^ where 2d + r is the 
number of singles in A. If b' > then /[a]^ = 1- 
(b) We have ajA] = An — Bn where 

An= 5Z inf(Ai,//j) + inf(Ai,Aj)+ ^ inf (//j, //j), 

ie[l,N+r],je[l,N] l<i<j<N+r l<i<j<N 



Bn^ J2 inf{a{i-l) + b',a{j-l)) 

i€[l,N+r],j€[l,N] 

+ J2 mf(a(z-l)+5',a(j-l) + 6')+ ^ mf (a(z - 1), a(j - 1)). 

l<i<j<N+r l<«<i<iV 



It is enough to prove (a) assuming that is large. Since 
An+1 -An = a{N + r)N + a(^) + a(^+'^) + b'N + b'{N + r) = Bn+i - B 



N 



we have A^v+i — Bn+i = An — Bn hence it is enough to prove (b) assuming that 
N is large. In the remainder of the proof we assume that N is large. 
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For /, /' e C{v) we write / ^ /' if /' = fg with g e C{v), g\y^o = 1. Using 
22.12, 22.13, we see that 

/[^]^^ J] (^2a-26^;L)^^4a-26^;L)...(i;2'^^-2'' + l) 

i6 l,Af] 

JJ ^^2A,+,-2b _ ^2Ai+,-26^-l Jj- ^^2^,- _ ^2^*^-)-! 
^<i<j<N l<i<i<iV 

hence 



/[A]^ = 2 V + higher powers of v 



where 

d = if 6' > 0, 



d = e [1, TV] : 6 < - j G [1, N] : A,+, = ^u,) 
= iV - 9(i G [1, r], J G [1, N]:ii- l)a = - ^{ij G [1, iV] : A,+, = /x,-) 
= AT - tt(i G [1, r], J G [1, iV] : A, = - ^(i, j G [1, iV] : A,+, = /i,) 
= iV-tt(iG [l,Ar + r],jG [l,Ar] :Ai = //j) = (jlsm5rZes-r)/2, if 6' = 0, 

-K ^ -bN + 2a (2^^ - ^) + Yl ^'^^^ ~ ^6) 

te[i,N-i] je[i,N]ke[i,r] 

- Yl i-b + 2M{Xi+r,fij))- Y (-2b+2inf(Ai+„A,+,)) 

i,je[l,N] i<i<j<N 

- J2 2inf(//i,//j) = -feiV + 2a (2z2 - z) + 26Ar2 - 6iV 

l<i<i<iV i6[l,Ar-l] 

+ Y Y (2a^-2fe)- Y 2inf(\+^,/x,) 

je[i,Ar] fce[i,r],afc</u,- ije[i,iv] 

- ^ 2inf(Ai+r, Aj+r) - ^ 2inf(//i,//j) 

^<i<j<N l<i<j<N 

= Y Y (2aA;-26)- J] 2inf(Ai+^, 

- 2inf(Ai+r, Aj+r) - 2inf(/ii,/ij) + *. 

^<i<j<N l<i<j<N 

(We will generally write * for an expression which depends only on a, b, N.) We 
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have 



{2ak -2b)= ^ {2ak -2b)+ J] {2ak - 2b) 

je[i,N] je[l,r] je[r+l,N] 

ke[l,r] ke[l,r] fce[l,r] 

ak<Hj ak<fj,j ak<iJ,j 

= C^^^ - 26) + (2afc - 2b) = * 

i€[l,r] je[r+l,N] 

fee[l,r] fee[l,r] 
ak<a{j — l) 



hence 



-K = -2{ Y inf(Ai+r,Mj)- Y inf(Ai+r, Aj+j.)- Y inf (^i, A^j))+*• 
i,ie[l,Af] ^<i<j<N l<i<j<N 

We have 

Y inf(Ai,/ij) = inf(a('i - 1) 

ie[i,r]je[i,iv] ie[i,r],je[i,iv] 

= J] inf(a(z-l) + 6',a(j-l))+ Y inf (a(z - 1) + 6', /i,) 

ie[l,r],je[l,r] ie[l,r]je[r+l,iV] 

= Y inf(a(z-l) + 6',a(j-l))+ J] (a(z - 1) + 6') = *, 

ie[l,r],je[l,r] ie[l,r],je[r+l,N] 

hence 

i,je[i,N] ig[i,jv+r]je[i,iv] 



We have 



Y inf(Aj,Aj)= X inf(Aj+j., Aj+r) + ^ Xi{N + r - i) 

l<i<j<N+r l<i<j<N ie[l,r] 

= Y ^j+r) + Y (^(^ -l)+b'){N + r- i) 

^<'i<j<N ie[l,r] 

= X^ inf (Aj_|_j.5 Aj+r) + 



l<i<j<N 

We see that 



(c) -K =-2An + * 

In the special case where a = (3 = {0 > > . . .) we have K — 0. On the other 
hand, by (c), we have = — 25 jv + * where *is as in (c). Hence in general we have 
—K = —2An + 2Bn. This proves the proposition, in view of 20.11 and 20.21(a). 
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22.15. We identify &k {k + l = n) with the subgroup of W consisting of all 

permutations in W which map {1,2,..., k} into itself (hence also map {1,2,..., k'} 

and {k + 1, . . . ,n,n' . . . , {k + 1)'} into themselves. This is a standard parabolic 
subgroup of W. We consider an irreducible representation of &k x Wi of the form 
sgufc IE [A'] where sgn^ is the sign representation of &k and A' G Sy^;,.^. We may 
assume that A' has at least k entries. We want to associate to A' a symbol in 
^yab-n increasing each of the k largest entries in A' by a. It may happen that 
the set of r largest entries of A' is not uniquely defined but there are two choices 
for it. (This can only happen if 6' = 0.) Then the same procedure gives rise to 
two distinct symbols A^,A^''^ in Sy^j,.^. 

Lemma 22.16. (a) g{sgnk<s>[A'])^ = 9[A']^, is equal to g[A]^ or to g[A^^ + S'[a"]^- 

(b) Hsgnj^^fA'] = ^(2) + a[A'] is equal to a[A] or to a^j^i] = a.[/^ii]. 

A, if defined, has the same number of singles as A'. Moreover, A^ (and A''^^), if 
defined, has one more single than A'. Hence (a) follows from 22.14(a) using 20.18, 
20.19. 

By 22.14(b), the difference a^^j — ajA] (where A is either A or A^ or A^''^) is a 

times the number of i < j in [l,k]. Thus, it is 0(2)- Hence (a) follows from 20.18, 
20.19. The lemma is proved. 

Lemma 22.17. jelxVK,(sgnfc ® [A']) equals [A] or [A^] + [A^-^]. 

By a direct computation (involving representations of symmetric groups) we 
sec that: 

(a) if A is defined then [[A'] : [A]] > 1; 

(b) if A^A^^ are defined then [[A'] : [A^]] > 1 and [[A'] : [A^^]] > 1. 
In the setup of (a) we have (by 20.14(b)): 

9[A']^ = EE;aB=as,[[^'] • ^encc using 22.16(a) we have 

(c) 9lAU = tE;.,^.JW]--E]9E^. 

By 22.16(b), E — [A] enters in the last sum and its contribution is > g[A]^'i the 
contribution of the other E is > (see 20.13(b)). Hence (c) forces [[A'] : [A]] = 1 
and [[A'] : E] = for all other E in the sum. In this case the lemma follows. 
In the setup of (b) we have (by 20.14(b)): 

9[A'U = EE;aB=as,[[A'] : E]gE^ hence, using 22.16(a), we have 

(d) ^[A^]^ +^[A"]^ = Es;aB=a^, [[A'] : E]gE^. 

By 22.16(b), E = [A^] and E = [A^^] enter in the last sum and their contribution 
is > 9lA']^ + ^'[A^^]*; contribution of the other i? is > (see 20.13(b)). Hence 
(d) forces [[A'] : [A^]] = [[A'] : [A^^]] = 1 and [[A'] : E] = for all other E in the 
sum. The lemma follows. 

Lemma 22.18. [A] (g) sgn = [A]. (Notation of 22.14.) 

This can be reduced to a known statement about the symmetric group. We 
omit the details. 



LECTURES ON HECKE ALGEBRAS WITH UNEQUAL PARAMETERS 



75 



22.19. Let Z be a totally ordered finite set < 2:2 < • • • < zm- For any r e [0, M] 
such that r = M mod 2 let be the set of subsets of Z of cardinal (M — r)/2. 
An involution l : Z Z is said to be r-admissible if the following hold: 

(a) i has exactly r fixed points; 

(b) if M = r, there is no further condition; if M > r, there exist two consecutive 
elements z, z' of Z such that i{z) = z' , l{z') = z and the induced involution of 
Z — {z, z'} is r-admissible. 

Let InVr(^) be the set of r-admissible involutions of Z. To i G Invr(^) we associate 
a subset 5^ of Z_^ as follows: a subset Y G Z is in Si, if it contains exactly one 
element in each non-trivial t-orbit. Clearly l^^l = 2^ where p = (M — r)/2. (In 
fact, St, is naturally an aflBne space over the field F2.) 

Lemma 22.20. Assume that p> 0. LetY e Z_^. 

(a) We can find two consecutive elements z,z' of Z such that exactly one of 
z, z' is in Y. 

(b) There exists l G lnVr{Z) such that Y E S^. 

(c) Assume that for some k E [0,p — l], zi, Z2, . . . , Zk belong to Y but Zk+i ^ Y . 
Let I be the smallest number such that I > k and zi e Y. There exists l G InVj.(Z') 
such that y G »S(, and l{zi) = zi-i. 

We prove (a). Let Zk be the smallest element oi Y. If /c > 1 then we can 
take {z, z') = {zk-i, Zk). Hence we may assume that zi G Y . Let Zk' be the next 
smallest elememt of y. If A;' > 2 then we can take (2;, z') = {zk'-i, Zk'). Continuing 
like this we see that we may assume that Y = {zi, Z2, ■ ■ ■ , Zp} Since p < M we 
may take (z, z') = {zp, ^p+i). 

We prove (b). Let z,z' be as in (a). Let Z' = Z — {z,z'} with the induced 
order. Let Y' = Y n Z' . If p > 2 then by induction on p we may assume that 
there exists t' G InVr{Z') such that Y' G S,,'. Extend t' to an involution i of Z by 
z I— > z' , z' H- > z. Then l G InVr(Z') and Y E S,,. If p = 1, define l : Z Z so that 
z ^ z' , z' z and i. — 1 on Z — {z, z'}. Then i G lnVj.{Z) and Y G S,,. 

We prove (c). We have I > k + 2. Hence zi-i ^ Y. Let {z,z') — {zi-i,zi). 
We continue as in the proof of (b), except that instead of invoking an induction 
hypothesis, we invoke (b) itself. 

22.21. Assume that M > r. We consider the graph whose set of vertices is Z_^ 
and in which two vertices Y ^Y' are joined if there exists t G InVr{Z) such that 

YeS„Y'eS,. 

Lemma 22.22. This graph is connected. 

We show that any vertex Y = {zi^^ Zi^, . . . , Zi^} is in the same connected com- 
ponent as lo = {-^1, Z2, ■ ■ ■ , Zp}. We argue by induction on my = ii+i2 + ■ — ^-ip- 
If my — 1 + 2 + ■ ■ ■ + p then y = yo and there is nothing to prove. Assume now 
that rri>l-|-2 + - — hp so that Y 7^ yo. Then the assumption of Lemma 22.20(c) 
is satisfied. Hence we can find / such that zi E Y, zi-i ^ Y and l G Inv r{Z) such 
that Y eS, and i{zi) = zi-i. Let Y' = {Y - {zi}) U {zi-i}. Then Y' G S, hence 
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Y, Y' are joined in our graph. We have my/ = my — 1 hence by the induction 
hypothesis Y\Yq are in the same connected component. It follows that Y^Yq are 
in the same connected component. The lemma is proved. 

22.23. Assume that h' = 0. Let Z e AlJ^.^. Let Z be the set of singles of Z. 
Each set Y e Z^^ gives rise to a symbol Ay in 7r]^^{Z): the first row of Ay consists 
of Z — y and one of each double of Z; the second row consists of Y and one of 
each double of Z. For any i G Inv^(Z) we define 
c{Z, i) = ©ye^JAy] e ModW^. 

Proposition 22.24. (a) In the setup of 22.23, let l e InVr(Z). Then c{Z,l) G 
Con{W). 

(h) All constructible representations of W are obtained as in (a). 

We prove (a) by induction on n. If n = the result is clear. Assume now that 
n > 1. We may assume that is not a double of Z. Let at be the largest entry of 
Z. 

(A) Assume that there exists i,0 < i < t, such that ai does not appear in Z. 
Then Z is obtained from Z' e M-ab-n-k with n — k < n hy increasing each of 
the k largest entries by a and this set of largest entries is unambiguously defined. 
The set Z' of singles of Z' is naturally in order preserving bijection with Z. Let 
i' correspond to i under this bijection. By the induction hypothesis, c(Z', l') e 
Con{Wn-k)- Since, by 22.5, the sign representation sgn^ of <&k is constructible, it 
follows that sgufe Mc{Z',i') e Con{<&k x W^n-fe)- Using 22.17, we have 

je;xiy„_.(sgn.Kc(Z',O)=c(Z,0 

hence c(Z, i) G ConiW). 

(B) Assume that there exists z, < z < t such that ai is a double of Z. Let Z be 

as in 22.8 (with respect to our t). Then is not a double of Z and the largest entry 

of Z is at. Let Z be the set of singles of Z. We have Z = {at — z\z e Z}. Thus 
Z, Z are naturally in (order reversing) bijection under j i— > at — j. Let l' e InVr(Z) 

correspond to t under this bijection. Since at — ai does not appear in Z, (A) is 
applicable to Z. Hence c{Z,l') e Con{W). By 22.18 we have c{Z,l') (g) sgn = 
c(Z, l) hence c(Z, l) G Con{W). 

(C) Assume that we are not in case (A) and not in case (B). Then Z = 
{0, a, 2a, . . . , ta} = Z. We can find io, (z + l)a in Z such that t interchanges 
ia, (i + l)a and induces on Z — {ia, (i + l)a} an r-admissible involution ti. We 
have 

Z' = {0, a, 2a, ... , ia, ia, (i + l)a, (i + 2)a, . . . , (t - l)a} e M^^^.^_k 

with n — k < n. The set of singles of Z' is 

Z' = {0, a, 2a, . . . , (i - l)a, (i + l)a, ...,{t- l)a}. 
It is in natural (order preserving) bijection with Z — {ia, (i + l)a}. Hence li induces 
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i' e InVr(^'). By the induction hypothesis we have c{Z\ i') E Con{Wn-k)- Hence 
sgn/e M c{Z',l') e Con{&k x W^n-fc) where sgn/. is as in (A). Using 22.17, we have 

je,xiy„_,(sgnfe^c(Z',O)=c(Z,0 

hence c{Z,i) G Con{W). This proves (a). 

We prove (b) by induction on n. If n = the result is clear. Assume now 
that n > 1. By an argument like the ones used in (B) we see that the class of 
representations of W obtained in (a) is closed under (8)sgn. Therefore, to show 
that C e Con{W) is obtained in (a), we may assume that C = jefexVK„_fe (^') ^^^^ 
some A; > and some C E Con{&k x W^-k)- By 22.5 we have C = E M C" 
where i? is a simple ©^-module and C" E Con{Wn-k)- Using 22.5(a) we have 
E = jg^^^g^^^ (sgnKIE") where k' + k" = k,k' > and E' is a simple ©^''-module. 

Let C = je:;xVK„_.(^' ® C') E Con(W^_,0. Then C = ]^^,^w_Jsgnk' C). 
By the induction hypothesis, C is of the form described in (a). Using an argument 
as in (A) or (C) we deduce that C is of the form described in (a). The proposition 
is proved. 

Proposition 22.25. Assume that b' > 0. 

(a) Let E e IrrW^. Then E e Con{W). 

(b) All constructible representations ofW are obtained as in (a). 

We prove (a). We may assume that E = [A] where A E ^Yab-n ^*^t contain 
both and b'. We argue by induction on n. If n = the result is clear. Assume 
now that n > 1. 

(A) Assume that either (1) there exist two entries z, z' of A such that z' — z > a 
and there is no entry z" of A such that z < z" < z\ or (2) there exists an 
entry z' of A such that z' > a and there is no entry z" of A such that z" < 
z' . Let A' be the symbol obtained from A by substracting a from each entry 
5 of A such that 5 > and leaving the other entries of A unchanged. Then 
A' E ^l^\,-n-k with n — k < n. By the induction hypothesis, [A'] E Con{Wn-k)- 
Since, by 22.5, the sign representation sgn^ of &k is constructible, it follows that 
sgufe m [A'] E Con{ek X Wn-k)- Using 22.17, we have jg;^^!/^.^ (sg^fe ^ [A']) = [A] 
hence [A] e Con{W). 

(B) Assume that there exist two entries z, z' of A such that < z' — z < a. Let 
t be the smallest integer such that at + b' > Xi for all z G [1, + r] and at > 
for all j E [1, A^]. Let A G Sy^+^^~^~'" be as in 22.8 with respect to this t. Then A 
does not contain both and b' . Now (A) is applicable to A. Hence [A] G Con{W). 
By 22.18 we have [A] O sgn = [A] hence [A] G Con{W). 

(C) Assume that we are not in case (A) and not in case (B). Then the entries 
of A are either 0, a, 2a, . . . ,ta or b',a + b', 2a + b', . . . ,ta + b'. This cannot happen 
for n > 1. This proves (a). 

The proof of (b) is entirely similar to that of 22.24(b). The proposition is 
proved. 
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22.26. We now assume that n > 2 and that W = is the kernel of Xn '■ 

±1 in 22.10. We regard W'^ as a Coxeter group with generators si, S2, • • • , s^-i as 
in 22.9 and = (n— 1, n')((n— 1)', n) (product of transpositions). Let L : W' — > N 
be the weight function given by Ij{vS) = al{w) for all w. Here a > 0. 

For A G Sy^o denote by A**^ the symbol whose first (resp. second) row is 
the second (resp. first) row of A. We then have A*^ G Sy^g- From the definitions 
we see that the simple W„-modules [A], [A*^] have the same restriction to W; 
this restriction is a simple VF'-module [A] if A 7^ A*'' and is a direct sum of two 
non-isomorphic simple VF'-modules [^A],[^^A] if A = A^''. In this way we see that 

the simple W -modules are naturally in bijection with the set of orbits of the 
involution of Syo,o;n induced by A*'~ except that each fixed point of this invo- 
lution corresponds to two simple W -modules. 

Let Z G Al^o;n- Let Z be the set of singles of Z. Assume first that Z ^ %. 
Each set Y ^ Z_q gives rise to a symbol A-^ in Sy^Q.„: the first row of A-^ consists 
of Z — y and one of each double of Z\ the second row consists of Y and one of 
each double of Z . For any i G Invo(Z) we define c(Z, i) G ModVF by 

c(Z, i) © c(Z, i) = ®YeS, [Ay] G ModW. 
Note that Y and Z — Y have the same contribution to the sum. A proof entirely 
similar to that of 22.24 shows that c{Z, l) G Con{W). Moreover, if Z = and A = 
A*'" G Syji.„ is defined by 7rAr(A) = Z, then [^A' g Con{W) and [^^A] G Con{W). 
All constructible representations of W are obtained in this way. 

22.27. Assume that W is of type F4 and that the values of L : — > N on S' are 
a, a, b, b where a > 6 > 0. 

Case 1. Assume that a = 2b. There are four simple 1^-modules pi, p2, ps, Pq 
(subscript equals dimension) with a = 36. Then 

Pi © P2, Pi © Ps, P2 © P9, P8 © P9 e Con{W). 
(They are obtained by j from the Wi of type S3 with parameters a, 6, b.) 

The simple VF-modules p\, P2, Ps? Pg have a = 156 and 

Pi © pI Pi © pI p\ © Pg, Ps © Pg e Coni^W). 
There are five simple VF-modules pi2i Pie,-, Pg-, p'q-, P4. (subscript equals dimension) 
with a = 76. Then 

P4 © P16, P12 © P16 © P6, P12 © P16 © Pe e Con{W). 
All 12 simple VF-modules other than the 13 listed above, are constructible. All 
constructible representations of W are thus obtained. 

Case 2. Assume that a ^ {6,26}. The simple VF-modules P12, P165 Pe, Pe; P4 
Case 1 now have a = 3o + 6 and 

Pa © P16, P12 © P16 © P6, P12 © P16 © Pe ^ Con{W). 
All 20 simple VF-modules other than the 5 listed above, are constructible. All 
constructible representations of W are thus obtained. 

22.28. Assume that W is of type G2 and that the values of L : — > N on 5 
are a, 6 where a > 6 > 0. Let p2, p'2 be the two 2-dimensional simple VF-modules. 
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They have a = a and p2 © p'2 is constructible. All 4 simple VF-modules other than 
the 2 listed above, are constructible. All constructible representations of W are 
thus obtained. 

23. Two-sided cells 

23.1. We define a graph Q^^ as follows. The vertices of Qw are the simple W- 
modules up to isomorphism. Two non-isomorphic simple VF-modules are joined in 
Qw if they both appear as components of some constructible representation of W . 
Let Qw I ~ be the set of connected components of Qw ■ The connected components 
of ^/ ~ are determined explicitly by the results in §22 for W irreducible. 

For example, in the setup of 22.4,22.5 we have Qw = Qw I ^- In the setup of 
22.24, Qw I ~ is naturally in bijection with A^a,f»;n- (Here, 22.22 is used). In the 
setup of 22.25, we have Qw = Qw I ~- 

We show that: 

(a) if E' are in the same connected component of Qw then E ^cn E' . 
We may assume that both E, E' appear in some constructible representation of 
W. By 22.2, there exists a left cell V such that [E : [T]] ^ 0, [E' : [T]] ^ 0. By 

21.2, we have [E^ : j£] 7^ 0, [E'^ : j£] 7^ 0. Hence E r^cn E', as desired. 

23.2. Let cw be the set of two-sided cells of W, L. Consider the (surjective) map 
Irrl^ — > Cw which to E associates the two-sided cell c such that E '^cn x for 
X & c. Prom 23.1 we see that this map induces a (surjective) map 

(a) uw ■ Qw I ~— ^ Cw- 
We conjecture that ujw is a bijection. This is made plausible by: 

Proposition 23.3. Assume that W, L is split. Then uw is a bijection. 

Let E, E' G IrrVF be such that E ^cn E' . By 22.3, we can find constructible 
representations C, C such that [E : C] ^ 0, [E' : C] ^ 0. By 22.2, we can find 
left cells r,r' such that C = [T],C' ^ [T']. Then [E : [T]] ^ 0, [E' : [T']] ^ 0. 
Let d e V nr.d' e V n V. Since 7d = [r] and [E : [T] 7^ 0, we have E -^cn d. 
Similarly, E' ^CTZ d' . Hence d' ^cn d' . By 18.4(c), there exists u eW such that 
tdtutd' 7^ 0. (Here we use the splitness assumption.) Note that j ^ jtutd' is a 
Jc-linear map — * • This map is non-zero since it takes td to tdtutd' 7^ 0. 
Thus, Homjc(j£, J^') ^ 0. Using 21.2, we deduce that HomvK([r], [L']) ^ 0. 
Hence there exists E e IrrW such that is a component of both [F] = C and 
[F'] = C Thus, both E, E appear in C and both E, E' appear in C. Hence E, E' 
are in the same connected component of Qw- The proposition is proved. 

23.4. Assume now that VF, L is quasisplit, associated as in 16.2 to W and the 
automorphism a : W — > W with W finite, irreducible. 

Let c[~^ be the set of all cr-stable two-sided cells of W. Let cl-, be the set of all 

_ W 

two-sided cells of W which meet W. We have C C c^. Let / : cw 

be the map which attaches to a two-sided cell of W the unique two-sided cell of 

W containing it; this map is well defined by 16.13(a) and is obviously surjective. 
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Proposition 23.5. In the setup of 23.4, is a bijection and f : cw — is 
a bijection. 

Since u>w,f sue surjective, the composition fu>w '■ Qw I is surjective. 

Hence it is enough to show that this composition is injective. For this it suffices 
to check one of the two statements below: 

(a) |W~l = l4l; 

(b) the composition Qyi/ j ^ •^^^) C N ® N (where /'(c) = 
(a(x), a(xwo)) for a: G c) is injective. 

Note that the value of the composition (b) at E is (a^;, a£;t). 

Case 1. is of type G2 and W is of type 1^4. Then (b) holds: the composi- 
tion (b) takes distinct values (0, 12), (1, 7), (3, 3), (7, 1), (12, 0) on the 5 elements of 
Qw/ ~- 

Case 2. W is of type F4 and W is of type Eq. Then again (b) holds. 

Case 3. W is of type Bn with n > 2 and W is of type or A2n+i- Then a 
is conjugation by the longest element Wq of W. We show that (a) holds. 

Let Y be the set of all E e IrrW (up to isomorphism) such that tr{wo, E) ^ 0. 
Let Y' be the set of all E' e Irrl^ (up to isomorphism). By 23.4 and 23.1 we have 
a natural bijection between and the set of isomorphism classes of e IrrW^. 
If c e corresponds to then the number of fixed points of cr on c is clearly 
± dim(£^)tr(wo, -B). Hence |c*^| = From 23.1 we have \Qw / ~ I — \Y\- Hence 
to show (a) it suffices to show that |y| = |y |. But this is shown in [L2]. 

Case 4- Assume that W is of type Dn and W is of type B^-i with n > 3. We 
will show that (a) holds. We change notation and write W instead of W, W'"^ 
instead of W. Then W' is as in 22.26 and we may assume that a : W — > W is 
conjugation by Sn (as in 22.26). Let M^q.^ be the set of all elements in Alf^o;n 
whose set of singles is non-empty. Let 

-^i,0;n = limN^oo 

By 22.26 and 23.3, c\y, is naturally in bijection with A^i o;n- By 23.1, Qw"^ / ~ 
is naturally in bijection with A^i,2;n-i- The identity map is clearly a bijection 
•^Z2;n-i ■^i,0\n'- induces a bijection M.i^2;n-i •^i,o;n- Hence to prove 
IGw""/ I < l^w'l it suffices to prove that \M[ q.^\ — {M^ q.^I- In other words, 
we must show that 

(c) any a -stable two-sided cell ofW meets W'^ . 

Now 26.26 and 23.3 provide an inductive procedure to obtain any cr-stable two- 
sided cell of W . Namely such a cell is obtained by one of two procedures: 

(i) we consider a cr-stable two-sided cell in a parabolic subgroup of type &k x 
Dn-k (where n — k & [2, n — 1]) and we attach to it the unique two-sided cell of 
W that contains it; 

(ii) we take a two-sided cell obtained in (i) and multiply it on the right by the 
longest element of W . 

Since we may assume that (c) holds when n is replaced by n — A; e [2, n — 1], we 
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see that the procedures (i) and (ii) yield only two-sided cells that contain cr-fixed 
elements. This proves (c). The proposition is proved. 

24. Virtual cells 

24.1. In this section we preserve the setup of 20.1. 

A virtual cell of W (with respect to L : — > N) is an element of K{W) of the 
form for some x & W. 

Lemma 24.2. Let x E W and let T be the left cell containing x. 

(a) If'j^ ^ then xeVnT-^. 

(b) Ix is a C-linear combination of E E IrrW such that [E : [F]] ^ 0. 

Assume that 7^; 7^ 0. Then there exists E G IrrJc such that \,x{tj^^E^ 7^ 0. We 
have E = ®devtdE and t^ : S S maps the summand tdS (where x ~£ d) into 
td', where d' ~£ x~^ and all other summands to 0. Since tr{txjS) ^ 0, we must 
have td£ = td'£ 7^ hence d = d' and x ~£ x~^. This proves (a). 

We prove (b). Let d e V DT. Assume that E e IttW appears with 7^ 
coefficient in 73;. Then tr{tx,E^) 7^ 0. As we have seen in the proof of (a), we 
have tdE^ ^ 0. Using 21.3,21.2, we deduce [E^ : J^] ^ and [E^ : [T]^] ^ 0. 
Hence [E : [F]] 7^ 0. The lemma is proved. 

24.3. In the remainder of this section we will give a number of expicit computa- 
tions of virtual cells. 

Lemma 24.4. In the setup of 22.10, wq acts on [A] as multiplication by 

6[A] = (-l)^^-^""''^^-^ + '^ 

Using the definitions we are reduced to the case where k = n or I = n. If k = n 
we have €[\] = 1 since [A] factors through and the longest clement of Wn is 
in the kernel of Wn —>■ &n- Similarly, if / = n we have e[A] = — The 
lemma is proved. 

Proposition 24.5. Assume that we are in the setup of 22.23. Let l G Invr{Z) and 
let K : F2 he an affine-linear function. Letc{Z, i, k) = X^y£5^(— l)'^*-^''[Ay] G 

K{W). There exists x E W such that — ^c{Z, l, k). 

To some extent the proof is a repetition of the proof of 22.24(a), but we have 
to keep track of complicating factor. 

We argue by induction on the rank n oi Z. If n = the result is clear. Assume 
now that n > 1. We may assume that is not a double of Z. Let at be the largest 
entry of Z. 

(A) Assume that there exists z, < z < i, such that ai does not appear in Z. 
Then Z is obtained from a multiset Z' of rank n — /c < n by increasing each of the 
k largest entries by a and this set of largest entries is unambiguously defined. The 
set Z' of singles of Z' is naturally in bijection with Z. 
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Let i! correspond to i, k under this bijection. By the induction hypothesis, 



there exists x' e Wn-k such that 7^" = ±c{Z' , t' , k')] G K{Wn-k)- Let wo^k be 
the longest element oi &k- Then 

and 

W _ 'W ^ &kXWr,-k\ 

lwo,kx' JSfc X W„_fc Wwo,fca;' / 

as required. 

(B) Assume that there exists i,0 < i < t such that ai is a double of Z. Let Z 
be as in 22.8 (with respect to our t). Then is not a double of Z and the largest 
entry of Z is at. Let Z be the set of singles of Z. We have Z = {at — z\z G Z}. 
Thus Z are naturally in (order reversing) bijection under j ^ at — j. Let 
l' e Invr(.^) correspond to t this bijection and let n' : S^' — > F2 correspond to n 
under this bijection. Let n" : S^' — > F2 be given by k,"{Y) = k,'{Y) + ^y^y ^~^y 

(an affine-linear function). Since at — ai does not appear in Z, (A) is applicable 
to Z. Hence |here exists x' E W such that 

7a;' = ±c{Z,l',k"). By 20.23, 22.18, 24.4, we have 



X'Wo 



(-l)'(^')C(7x') = H{c{Z, l', Av")) sgn = ±c(Z, l' , At') ® sgn = ±c(Z, i. At), 



as desired. 

(C) Assume that we are not in case (A) and not in case (B). Then Z = 
{0, a, 2a, . . . , ta} = Z. We can find ia,{i + l)a in Z such that l interchanges 
ia, {i + l)a and induces on Z — {ia, {i + l)a} an r-admissible involution ii. 

(CI) Assume first that k{Y) — k{Y * {ia, (i + l)a}) for any Y e 5^. (* is 
symmetric difference.) Let 

Z' = {0, a, 2a, . . . ,ia, ia, (i + l)a, (i + 2)a, . . . ,{t — l)a}. 
This has rank n — k < n. The set of singles of Z' is 

Z' = {0, a, 2a, . . . ,{i — l)a, {i + l)a, . . . ,{t — l)a}. 
It is in natural (order preserving) bijection with Z — {ia, {i + l)a}. Hence 61 induces 
l' e liiVriZ'). We have an obvious surjective map of affine spaces p : ^ Si,' 
and At is constant on the fibres of this map. Hence there is an affine-linear map 
k' : iSt' — > F2 such that At = n'p. By the induction hypothesis, there exists 
x' G Wn-k such that 7^""'' = ±c{Z',i',K') G K{Wn-k)- Let wo^k be the longest 
element of 6^. Then 
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and 

w _ / efcxVK„_fex 

= je.xw._.(sgnfe ^tJ"-'^) = ±jg^,xw^„_.(sgnfe Kc(Z',.',«')) = ±c(Z,.,«), 
as required. 

(C2) Assume next that ac(I^) ^ * {ia, (i + l)a}) for some (or equivalently 
any) Y ^ S^. We have 

Z = {0, 0, a, a, 2a, 2a, . . .,ta, ta} — {at — 0, at — a, . . . , at — at} = Z = Z. 

Let l' G lnVr{Z) correspond to l under the bijection z ^ ta — z of Z with itself; let 
k' : S^i — > F2 correspond to n under this bijection. Let n" : S^i — > F2 be given by 
k"{Y) = k'(Y) + YliyeY ^~^y (^^ affine-linear function). Note that t' interchanges 
(t — i — l)a, (t — i)a and induces on Z — {{t — i — l)a, {t — i)a} an r-admissible 
involution. We show that for any Y G iS^/ we have k"{Y) = k" {Y *{{t — i — l)a, (t — 
i)a}) or equivalently k'{Y) = k'{Y * {{t — i — l)a, {t — i)a}) + 1. This follows from 
our assumption n{Y) — k(Y * {ia, {i + l)a}) + 1 for any Y G S^. We see that case 
(CI) applies to l',k," so that there exists x' E W with = ±c{Z,l',k"). By 
20.23, 22.18, 24.4, we have 

Ix'wo = {-^Y^'^'kM = ±C(c(^, i', K"))^sgn = ±c{2, l', k') Osgn = ±c{Z, l, k), 
as desired. The proposition is proved. 

24.6. Assume that we are in the setup of 22.27. By 22.27, 

P4 + P16, P12 + P16 + P6, P12 + P16 + Pe 
are constructible, hence (by 22.2, 21.4) are of the form Ud^d for suitable d e T>, 
hence are ± virtual cells. 

Let d E V he such that n^'^d = P12 + P16 + Pe- Let F be the left cell such that 
dev. Recall (21.4) that [F] = A®B ®C where A = pi2, B = piQ, C = pq. By 
the discussion in 21.10 we see that J^'"'^ exactly three simple modules (up 

to isomorphism), namely tdA^,tdB^,tdC^, and these are 1-dimensional. Since 
J^'^^ is a semisimple algebra (21.9), it follows that it is commutative of dimen- 
sion 3. Hence F fl F~^ consists of three elements d,x,y. Let PAtPBtPc denote the 
traces of tj; on A^, B^, respectively. Let Qa^Qb^ Qc denote the traces of ty on 
A^, B^, respectively. By 20.24, Pa,Pb,PCj Qa, Qb, Qc are integers. Recall that 
the traces of Udtd on A^, B^, are 1, 1, 1 respectively. Since /a^, /b*? fc^ a^re 
6, 2, 3 we see that the orthogonality formula 21.10 gives 

i+p\ + q\ = Q,i + pl + ql = '2A + Pc + Qc = ^^ 

1 + PaPb + QaQb = 0, 1 + paPc + QaQc = 0, 1 + pbPc + QbQc = 0. 
Solving these equations with integer unknowns we see that there exist e, e' G 
{1,-1} so that (up to interchanging x,y) we have 
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{PA, Qa) = (2e, e'), (pb, Qb) = (0, -e'), {pc, Qc) = (-e, e')- 
Then e^x = 2pi2 - pe, (-'ly = P12 - Pie + Pe- Hence 

2pi2 - P6, P12 — P16 + P6 are ± virtual cells. 
Exactly the same argument shows that 

2pi2 — P6', P12 — P16 + P6' are ± virtual cells. 
A similar (but simpler) argument shows that 

P4 — P16 is ± a virtual cell. 
Assume now that we are in the setup of 22.27 (Case 1). By 22.27, 

Pi + P2, Pi + P8, P2 + P9, P8 + P9, p1 + pL p\ + pL pI + Pq' pI + Ph 
are constructible, hence by 22.2, 21.4 are of the form Ud^d for suitable d E V, 
hence are ± virtual cells. By an argument similar to that above (but simpler) we 
see that 

Pi - P2, Pi - P8, P2 - P9, PS - P9, Pi - P2> Pi - Pt P2 " pt pI " pL 

are ± virtual cells. 

24.7. Assume that we are in the setup of 22.29. By 22.29, p2 + P2 is constructible, 
hence by 22.2, 21.4, is of the form Ud'jd for some d E T), hence is ± a virtual cell. 
As in 24.6, we see that p2 — P2 is ± a virtual cell. 
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